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6. Oblique Incidence at a Plane Dielectric Boundary

6.1 Horizontal Polarization (Yatay Kutuplanma)

z

x

z = 0

Medium 1

(ε1, µ1)

Medium 2

(ε2, µ2)

θi

~Ei

~Hi

âni

Incident wave

âni

θi

âx sin θi

âz cos θi

~Ei(x, z) = ây Ei0 e
−jβ1 âni·~R (1)

âni = âx sin θi + âz cos θi (2)

âni · ~R = (âx sin θi + âz cos θi) · (âx x+ ây y + âz z) (3)

âni · ~R = (x sin θi + z cos θi) (4)

~Ei(x, z) = ây Ei0 e
−jβ1(x sin θi+z cos θi) (5)
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~Hi

θi

âz sin θi

−âx cos θi

~Hi(x, z) =
1

η1

[
âni × ~Ei(x, z)

]
(6)

~Hi(x, z) =
1

η1

[
(âx sin θi + âz cos θi)× ây Ei0 e

−jβ1(x sin θi+z cos θi)
]

(7)

~Hi(x, z) = (âz sin θi − âx cos θi)
Ei0

η1
e−jβ1(x sin θi+z cos θi) (8)

~Hi(x, z) = (−âx cos θi + âz sin θi)
Ei0

η1
e−jβ1(x sin θi+z cos θi) (9)

z

x

z = 0

Medium 1

(ε1, µ1)

Medium 2

(ε2, µ2)

θi

θr

~Ei

~Hi

âni

Incident wave

~Er

~Hr

ânr
Reflected wave

θt

~Ht

~Et

ânt

Transmitted wave
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ânr

θr

âx sin θr

−âz cos θr

~Er(x, z) = −ây Er0 e
−jβ1 ânr·~R (10)

ânr = âx sin θr − âz cos θr (11)

ânr · ~R = (âx sin θr − âz cos θr) · (âx x+ ây y + âz z) (12)

ânr · ~R = (x sin θr − z cos θr) (13)

~Er(x, z) = −ây Er0 e
−jβ1(x sin θr−z cos θr) (14)

~Hr

θr

−âz sin θr

−âx cos θr

~Hr(x, z) =
1

η1

[
ânr × ~Er(x, z)

]
(15)

~Hr(x, z) =
1

η1

[
(âx sin θr − âz cos θr)× (−) ây Er0 e

−jβ1(x sin θr−z cos θr)
]

(16)

~Hr(x, z) = (−âz sin θr − âx cos θr)
Er0

η1
e−jβ1(x sin θr−z cos θr) (17)

~Hr(x, z) = (−âx cos θr − âz sin θr)
Er0

η1
e−jβ1(x sin θr−z cos θr) (18)
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~Et(x, z) = ây Et0 e
−jβ2(x sin θt+z cos θt) (19)

~Ht(x, z) = (−âx cos θt + âz sin θt)
Et0

η2
e−jβ2(x sin θt+z cos θt) (20)

Er0, Et0, θr and θt are unknown quantities.

Tangential components of ~E and ~H are continuous at z = 0.

Eiy(x, z = 0) + Ery(x, z = 0) = Ety(x, z = 0) (21)

Hix(x, z = 0) +Hrx(x, z = 0) = Htx(x, z = 0) (22)

Ei0 e
−jβ1 x sin θi − Er0 e

−jβ1 x sin θr = Et0 e
−jβ2 x sin θt (23)

−Ei0

η1
cos θi e−jβ1 x sin θi − Er0

η1
cos θr e−jβ1 x sin θr = −Et0

η2
cos θt e−jβ2 x sin θt (24)

These equations must be satisfied for all x. So

β1 x sin θi = β1 x sin θr = β2 x sin θt (phase matching) (25)

β1 x sin θi = β1 x sin θr (26)

sin θi = sin θr (27)

θr = θi (Snell’s law of reflection) (28)

β1 sin θi = β2 sin θt (29)

sin θt
sin θi

=
β1

β2

=
ω
√
µ1 ε1

ω
√
µ2 ε2

=

√
µ1 ε1√
µ2 ε2

=
n1

n2

(Snell’s law of refraction) (30)

n1 : the index of refraction for medium 1.

n2 : the index of refraction for medium 2.

Ei0 − Er0 = Et0 (31)

−Ei0

η1
cos θi −

Er0

η1
cos θr = −Et0

η2
cos θt (32)

Ei0 − Er0 = Et0 (33)

−Ei0

η1
cos θi −

Er0

η1
cos θi = −Et0

η2
cos θt (34)
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Er0 + Et0 = Ei0 // (
1

η1
cos θi) (35)

−Er0

η1
cos θi +

Et0

η2
cos θt =

Ei0

η1
cos θi (36)

Er0

η1
cos θi +

Et0

η1
cos θi =

Ei0

η1
cos θi (37)

−Er0

η1
cos θi +

Et0

η2
cos θt =

Ei0

η1
cos θi (38)

Et0

η1
cos θi +

Et0

η2
cos θt = 2

Ei0

η1
cos θi (39)

Et0

(
1

η1
cos θi +

1

η2
cos θt

)
= 2

Ei0

η1
cos θi (40)

Et0

(
η2 cos θi + η1 cos θt

η1 η2

)
= 2

Ei0

η1
cos θi (41)

Et0 (η2 cos θi + η1 cos θt) = 2 η2Ei0 cos θi (42)

Et0 =
2 η2Ei0 cos θi

η2 cos θi + η1 cos θt
(43)

τ⊥ =
Et0

Ei0

=
2 η2 cos θi

η2 cos θi + η1 cos θt
(44)

τ⊥ : transmission coefficient for horizontal polarization

Er0 = Ei0 − Et0 (45)

Er0 = Ei0

(
1− Et0

Ei0

)
(46)

Er0 = Ei0 (1− τ⊥) (47)

Γ⊥ =
Er0

Ei0

= 1− τ⊥ (48)

Γ⊥ = 1− 2 η2 cos θi
η2 cos θi + η1 cos θt

(49)

Γ⊥ =
η2 cos θi + η1 cos θt − 2 η2 cos θi

η2 cos θi + η1 cos θt
(50)

Γ⊥ =
η1 cos θt − η2 cos θi
η1 cos θt + η2 cos θi

(51)

Γ⊥ : reflection coefficient for horizontal polarization
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6.2 Vertical Polarization (Dikey Kutuplanma)

z

x

z = 0

Medium 1

(ε1, µ1)

Medium 2

(ε2, µ2)

θi

θr

~Hi

~Ei
âni

Incident wave

~Hr

~Er

ânr
Reflected wave

θt

~Ht

~Et

ânt

Transmitted wave

~Ei

θi

âx cos θi

−âz sin θi

~Ei(x, z) = (âx cos θi − âz sin θi) Ei0 e
−jβ1(x sin θi+z cos θi) (52)

~Hi(x, z) = ây
Ei0

η1
e−jβ1(x sin θi+z cos θi) (53)
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~Er

θr

−âz sin θr

−âx cos θr

~Er(x, z) = (−âx cos θr − âz sin θr) Er0 e
−jβ1(x sin θr−z cos θr) (54)

~Hr(x, z) = ây
Er0

η1
e−jβ1(x sin θr−z cos θr) (55)

~Et(x, z) = (âx cos θt − âz sin θt) Et0 e
−jβ2(x sin θt+z cos θt) (56)

~Ht(x, z) = ây
Et0

η2
e−jβ2(x sin θt+z cos θt) (57)

Er0, Et0, θr and θt are unknown quantities.

Tangential components of ~E and ~H are continuous at z = 0.

Eix(x, z = 0) + Erx(x, z = 0) = Etx(x, z = 0) (58)

Hiy(x, z = 0) +Hry(x, z = 0) = Hty(x, z = 0) (59)

Ei0 cos θi e−jβ1 x sin θi − Er0 cos θr e−jβ1 x sin θr = Et0 cos θt e−jβ2 x sin θt (60)
Ei0

η1
e−jβ1 x sin θi +

Er0

η1
e−jβ1 x sin θr =

Et0

η2
e−jβ2 x sin θt (61)

These equations must be satisfied for all x. So

β1 x sin θi = β1 x sin θr = β2 x sin θt (phase matching) (62)

β1 x sin θi = β1 x sin θr (63)

sin θi = sin θr (64)

θr = θi (Snell’s law of reflection) (65)

β1 sin θi = β2 sin θt (66)

sin θt
sin θi

=
β1

β2

=
ω
√
µ1 ε1

ω
√
µ2 ε2

=

√
µ1 ε1√
µ2 ε2

=
n1

n2

(Snell’s law of refraction) (67)

n1 : the index of refraction for medium 1.

n2 : the index of refraction for medium 2.
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For x = 0

Ei0 cos θi − Er0 cos θr = Et0 cos θt (68)

Ei0

η1
+

Er0

η1
=

Et0

η2
(69)

Ei0 cos θi − Er0 cos θi = Et0 cos θt (70)

Ei0

η1
+

Er0

η1
=

Et0

η2
(71)

Er0 cos θi + Et0 cos θt = Ei0 cos θi (72)

Ei0 + Er0 =
η1
η2

Et0 (73)

Er0 cos θi + Et0 cos θt = Ei0 cos θi (74)

Er0 −
η1
η2

Et0 = −Ei0 // (− cos θi) (75)

Er0 cos θi + Et0 cos θt = Ei0 cos θi (76)

−Er0 cos θi +
η1
η2

Et0 cos θi = Ei0 cos θi (77)

Et0 cos θt +
η1
η2

Et0 cos θi = 2Ei0 cos θi // (η2) (78)

η2Et0 cos θt + η1Et0 cos θi = 2 η2Ei0 cos θi (79)

Et0 (η2 cos θt + η1 cos θi) = 2 η2Ei0 cos θi (80)
Et0

Ei0

=
2 η2 cos θi

η2 cos θt + η1 cos θi
(81)

τ‖ =
Et0

Ei0

=
2 η2 cos θi

η2 cos θt + η1 cos θi
(82)

τ‖ : transmission coefficient for vertical polarization

Er0 =
η1
η2

Et0 − Ei0 (83)

Er0

Ei0

=
η1
η2

Et0

Ei0

− 1 (84)

Erkan AFACAN, Gazi Üniversitesi, Mühendislik Fakültesi, Maltepe/Ankara



Erkan AFACAN ELECTROMAGNETIC WAVES 9

Er0

Ei0

=
η1
η2

τ‖ − 1 (85)

Er0

Ei0

=
η1
η2

2 η2 cos θi
η2 cos θt + η1 cos θi

− 1 (86)

Er0

Ei0

=
2 η1 cos θi

η2 cos θt + η1 cos θi
− 1 (87)

Er0

Ei0

=
2 η1 cos θi − η2 cos θt − η1 cos θi

η2 cos θt + η1 cos θi
(88)

Er0

Ei0

=
η1 cos θi − η2 cos θt
η2 cos θt + η1 cos θi

(89)

Γ‖ =
Er0

Ei0

=
η1 cos θi − η2 cos θt
η2 cos θt + η1 cos θi

(90)

Γ‖ : reflection coefficient for vertical polarization

6.3 Total Reflection

a) Horizontal Polarization (Yatay Kutuplanma)

z

x

z = 0

Medium 1

(ε1, µ1)

Medium 2

(ε2, µ2)

θi

θr

~Ei

~Hi

âni

Incident wave

~Er

~Hr

ânr
Reflected wave

No transmitted wave ?

For total reflection we need |Γ⊥| = 1 or Γ⊥ = ∓1.
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Let’s first try Γ⊥ = 1.

Γ⊥ =
Er0

Ei0

=
η1 cos θt − η2 cos θi
η1 cos θt + η2 cos θi

= 1 (91)

η1 cos θt − η2 cos θi = η1 cos θt + η2 cos θi (92)

⇒ 2 η2 cos θi = 0 (93)

cos θi = 0 ⇒ θi = 90◦ (94)

This does not give us an interesting solution.

Now let’s try Γ⊥ = −1.

Γ⊥ =
Er0

Ei0

=
η1 cos θt − η2 cos θi
η1 cos θt + η2 cos θi

= −1 (95)

η1 cos θt − η2 cos θi = −η1 cos θt − η2 cos θi (96)

2 η1 cos θt = 0 (97)

cos θt = 0 ⇒ θt = 90◦ (98)

From Snell’s law

sin θt
sin θi

=

√
µ1 ε1√
µ2 ε2

(99)

For nonmagnetic media µ1 = µ2 = µ0.

sin θt
sin θi

=

√
ε1
ε2

(100)

θt = 90◦ ⇒ sin θt = 1 (101)

1

sin θi
=

√
ε1
ε2

(102)

sin θi =
√

ε2
ε1

(103)

sin θc =
√

ε2
ε1

(104)

θc = sin−1

√
ε2
ε1

(105)

The angle of incidence θc is called the critical angle.
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b) Vertical Polarization (Dikey Kutuplanma)

z

x

z = 0

Medium 1

(ε1, µ1)

Medium 2

(ε2, µ2)

θi

θr

~Hi

~Ei
âni

Incident wave

~Hr

~Er

ânr
Reflected wave

No transmitted wave ?

For total reflection we need |Γ‖| = 1 or Γ‖ = ∓1.

Let’s first try Γ‖ = −1.

Γ‖ =
Er0

Ei0

=
η1 cos θi − η2 cos θt
η2 cos θt + η1 cos θi

= −1 (106)

η1 cos θi − η2 cos θt = −η2 cos θt − η1 cos θi (107)

⇒ 2 η1 cos θi = 0 (108)

cos θi = 0 ⇒ θi = 90◦ (109)

This does not give us an interesting solution.

Now let’s try Γ‖ = 1.

Γ‖ =
Er0

Ei0

=
η1 cos θi − η2 cos θt
η2 cos θt + η1 cos θi

= 1 (110)

η1 cos θi − η2 cos θt = η2 cos θt + η1 cos θi (111)

2 η2 cos θt = 0 (112)

cos θt = 0 ⇒ θt = 90◦ (113)

From Snell’s law
sin θt
sin θi

=

√
µ1 ε1√
µ2 ε2

(114)
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For nonmagnetic media µ1 = µ2 = µ0.

sin θt
sin θi

=

√
ε1
ε2

(115)

θt = 90◦ ⇒ sin θt = 1 (116)

1

sin θi
=

√
ε1
ε2

(117)

sin θi =
√

ε2
ε1

(118)

sin θc =
√

ε2
ε1

(119)

θc = sin−1

√
ε2
ε1

(120)

The angle of incidence θc is called the critical angle.

If θi = θc then θt = 90◦.

If θi > θc then

sin θi > sin θc (121)

sin θi >
√

ε2
ε1

(122)√
ε1
ε2

sin θi > 1 (123)

sin θt =
√

ε1
ε2

sin θi (124)

⇒ sin θt > 1 (125)

There is no real solution for θt and total reflection occurs.
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6.4 Total Transmission

a) Horizontal Polarization (Yatay Kutuplanma)

z

x

z = 0

Medium 1

(ε1, µ1)

Medium 2

(ε2, µ2)

θi

~Ei

~Hi

âni

Incident wave

No reflected wave ?

θt

~Ht

~Et

ânt

Transmitted wave

For total transmission we need Γ⊥ = 0.

Γ⊥ =
Er0

Ei0

=
η1 cos θt − η2 cos θi
η1 cos θt + η2 cos θi

= 0 (126)

⇒ η1 cos θt − η2 cos θi = 0 (127)

⇒ η1 cos θt = η2 cos θi (128)

From Snell’s law

sin θt
sin θi

=

√
µ1 ε1√
µ2 ε2

(129)

sin θt =
√
µ1 ε1√
µ2 ε2

sin θi (130)

cos θt =
√
1− sin2 θt =

√
1− µ1 ε1

µ2 ε2
sin2 θi (131)

cos θi =
√

1− sin2 θi (132)

η1 =

√
µ1

ε1
(133)
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η2 =

√
µ2

ε2
(134)

η1 cos θt = η2 cos θi (135)√
µ1

ε1

√
1− µ1 ε1

µ2 ε2
sin2 θi =

√
µ2

ε2

√
1− sin2 θi (136)

µ1

ε1

(
1− µ1 ε1

µ2 ε2
sin2 θi

)
=

µ2

ε2

(
1− sin2 θi

)
(137)

µ1

ε1
− µ2

1

µ2 ε2
sin2 θi =

µ2

ε2
− µ2

ε2
sin2 θi (138)

µ2

ε2
sin2 θi −

µ2
1

µ2 ε2
sin2 θi =

µ2

ε2
− µ1

ε1
(139)(

µ2

ε2
− µ2

1

µ2 ε2

)
sin2 θi =

µ2

ε2
− µ1

ε1
(140)

sin2 θi =

µ2

ε2
− µ1

ε1

µ2

ε2
− µ2

1

µ2 ε2

(141)

sin2 θi =
ε1 µ2 − ε2 µ1

ε1 ε2

µ2 ε2
µ2
2 − µ2

1

(142)

sin2 θi =
ε1 µ2 − ε2 µ1

ε1

µ2

µ2
2 − µ2

1

(143)

sin2 θi =
ε1 µ2 − ε2 µ1

ε1

µ2

µ2
2 [1− (µ1/µ2)2]

(144)

sin2 θi =
ε1 µ2 − ε2 µ1

ε1 µ2

1

[1− (µ1/µ2)2]
(145)

sin2 θi =
1− ε2 µ1

ε1 µ2

1− µ2
1

µ2
2

(146)

For nonmagnetic media µ1 = µ2 = µ0 and we have

sin2 θi = ∞ (147)

So for horizontal polarization there is no incidence angle that makes the reflection coeffi-
cient Γ⊥ = 0.
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b) Vertical Polarization (Dikey Kutuplanma)

z

x

z = 0

Medium 1

(ε1, µ1)

Medium 2

(ε2, µ2)

θi

~Hi

~Ei
âni

Incident wave

No reflected wave ?

θt

~Ht

~Et

ânt

Transmitted wave

For total transmission we need Γ‖ = 0.

Γ‖ =
Er0

Ei0

=
η1 cos θi − η2 cos θt
η2 cos θt + η1 cos θi

= 0 (148)

⇒ η1 cos θi − η2 cos θt = 0 (149)

⇒ η1 cos θi = η2 cos θt (150)

From Snell’s law

sin θt
sin θi

=

√
µ1 ε1√
µ2 ε2

(151)

sin θt =
√
µ1 ε1√
µ2 ε2

sin θi (152)

cos θt =
√
1− sin2 θt =

√
1− µ1 ε1

µ2 ε2
sin2 θi (153)

cos θi =
√

1− sin2 θi (154)

η1 =

√
µ1

ε1
(155)

η2 =

√
µ2

ε2
(156)
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η1 cos θi = η2 cos θt (157)√
µ1

ε1

√
1− sin2 θi =

√
µ2

ε2

√
1− µ1 ε1

µ2 ε2
sin2 θi (158)

µ1

ε1

(
1− sin2 θi

)
=

µ2

ε2

(
1− µ1 ε1

µ2 ε2
sin2 θi

)
(159)

µ1

ε1
− µ1

ε1
sin2 θi =

µ2

ε2
− µ2

ε2

µ1 ε1
µ2 ε2

sin2 θi (160)

µ1

ε1
− µ1

ε1
sin2 θi =

µ2

ε2
− µ1 ε1

ε2 ε2
sin2 θi (161)

−µ1

ε1
sin2 θi +

µ1 ε1
ε2 ε2

sin2 θi =
µ2

ε2
− µ1

ε1
(162)

−µ1

ε1
sin2 θi +

µ1 ε1
ε22

sin2 θi =
µ2

ε2
− µ1

ε1
(163)(

−µ1

ε1
+

µ1 ε1
ε22

)
sin2 θi =

µ2

ε2
− µ1

ε1
(164)(

µ1 ε1
ε22

− µ1

ε1

)
sin2 θi =

µ2

ε2
− µ1

ε1
(165)

sin2 θi =

µ2

ε2
− µ1

ε1
µ1 ε1
ε22

− µ1

ε1

(166)

sin2 θi =

ε1 µ2−ε2 µ1

ε1 ε2
ε21 µ1−ε22 µ1

ε1 ε22

(167)

sin2 θi =
ε1 µ2 − ε2 µ1

ε1 ε2

ε1 ε
2
2

ε21 µ1 − ε22 µ1

(168)

sin2 θi = [ε1 µ2 − ε2 µ1]
ε2

ε21 µ1 − ε22 µ1

(169)

sin2 θi = [ε1 µ2 − ε2 µ1]
ε2

[ε21 − ε22]µ1

(170)

sin2 θi = ε2 µ1

[
ε1 µ2

ε2 µ1

− 1

]
ε2

ε22

[
ε21
ε22
− 1

]
µ1

(171)

sin2 θi =

[
ε1 µ2

ε2 µ1
− 1

]
[
ε21
ε22
− 1

] (172)

sin2 θi =
1− ε1 µ2

ε2 µ1

1− ε21
ε22

(173)

For nonmagnetic media µ1 = µ2 = µ0 and we have

sin2 θi =
1− ε1

ε2

1− ε21
ε22

=
1− ε1

ε2(
1− ε1

ε2

) (
1 + ε1

ε2

) (174)

sin2 θi =
1

1 + ε1
ε2

(175)
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sin θi =
1√

1 + ε1
ε2

(176)

The angle satisfying this equation is called as the Brewster angle θB . If θi = θB then
Γ‖ = 0 and there is no reflection from the interface, the wave is totally transmitted to the
second medium.
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