Erkan AFACAN ELECTROMAGNETIC WAVES

6. Oblique Incidence at a Plane Dielectric Boundary

6.1 Horizontal Polarization (Yatay Kutuplanma)
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E,(7,2) = —a, E,ge /P1arR

a,, —a, sinf, —a, cosb,
a,. -R=(a, sinf, —a, cosb,) - (a,z+a,y+a,z)
a,-R = (zsinf, — zcos¥b,)

ET(QS, Z) _ _éy ETO e—j,é’l(xmnHr—zcosGT)

— 1 —
H,(z,2) = — [énr X E.(z, 2)

- 1 . .
H,(z,2) = — [(a, sinf, — a, cosb,) x (=) a, B 67361(“‘“‘9“2“’59’“)}

T
- A A Ero —jB1(xsinb,—zcos ;)
H,(z,z) = (—a, sinf, — a, cosb,) —e
T
Eo e—j,@’l(xsin&-—zcos&,-)

flr(x, z) = (—a, cosf, —a, sinb,)
m
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E’t(x’ Z) _ éy EtO e—j,é’g(a:sinG,g—&-zcos@,g) (19)
- . A ~ . Eto —jB2(z sin O¢+2 cos O;)
H,(z,z) = (—a, cosf; + a, sinf;) — e (20)
T2
E.o, Ey, 0, and 6, are unknown quantities.
Tangential components of E and H are continuous at z = 0.
Ey(x,z=0)+ E,y(z,z =0) = Eyy(x,z =0) (21)
Hi(x,2=0) 4+ H.p(z,2 =0) = Hyp(z,2 = 0) (22)
EiO 6—]',31 rsinf; ErO e—jﬁlccsin&- — EtO e—jﬁzxsin(% (23)
E; T O o E P
_ 0 cos 9@, 6—351 zsinf; _ 0 cos QTG jBrawsing. _ 0 cos Qte jB2 x sin Oy (24)
m m 2
These equations must be satisfied for all z. So
frxsint; = f1xsinf, = By xsinb, (phase matching) (25)
b xsinf; = (1 xsind, (26)
sinf; = sin 6, (27)
0, =0; (Snell’s law of reflection) (28)
[y sinf; = (35 sin b, (29)
in ¢/ w € €
s%n L= é = Vi & = Vi _m (Snell’s law of refraction) (30)
sinf; o wy/H2€s \JH2€2 Ny
ny : the index of refraction for medium 1.
14 : the index of refraction for medium 2.
Eio — Ero = Exo (31)
E; E, E
— cosf; — 0 cos 0, = ~ 70 eos 0, (32)
m m 2
Ei — Erg = Ey (33)
E; E, E
— cosf; — 0 cos 0; = — 710 cos 0, (34)
m m Uy
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1
Er[) + Et(] = Ez // (n— COS 81) (35)
1
E, E E;
— " cos 0; + — cos 0, = 0 cos 0; (36)
m 2 m
E, E i
0 cos 0; + —0 cos 0, = 0 cos 0, (37)
m m m
E, E ’
— " cos 0; + 0 cos 0, = N cos 0; (38)
m 2 T
E E E;
~10 cos 0; + 0 cos 0, =2 % cos 0, (39)
m 2 m
1 1 E;
Ey (— cosf; + — cos Qt) =29 ¢os 0; (40)
m T2 Uit
0; 0 E;
Eyw (772 cos i + 1 cos t) =279 (050 (41)
M2 m
Ey (2 cosB; +m1 cosb;) = 219 Eyy cosb; (42)
219 E; 0;
Eyp= ——2 208 (43)
12 cosB; + 1y cosb;
E, 2 0;
=2 = T2 208 (44)
E; 12 cosf; + ny cosb,
7, : transmission coefficient for horizontal polarization
Ero = Eiy — Ey (45)
E
By = Ey (1 - E’“’) (46)
E.o=FEp(l—-11) (47)
ETO
I' = =1- 48
1 Ey TL (48)
2 0;
T, =1- T2 COB T (49)
12 cosB; + 1y cos b,
r - 1o cosB; + ny costy — 2mny cosb; (50)
12 cosB; + ny cos b,
r - 1, cos by —my cosb; (51)

11 cos By + ny cosb;

[') : reflection coefficient for horizontal polarization
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6.2 Vertical Polarization (Dikey Kutuplanma)
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H; (€1, p1) (€2, p12)

Incident wave

a, cosb;

—

EZ'(ZL', Z) = (ﬁm COS 02 — éz sin 91) EiO e—gﬁl(zsméi—i-zcosei)

) E;
H,(z,2) = a,

0 e—jﬁl (zsin@;+z cos 6;)
Ui
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E.(x,z) = (—a, cos, —a, sinb,) E e IPi(@sind,—zcosy)

ﬁr(x Z) — é-y ETO efjﬁl(msinGszcosﬁr)
)

T
E,(z,z) = (a, cost, — a, sinf,) Ey 9Bz (@ sinbi+2 cos 0r)
o . EtO y .
Ht(ZE Z) —a e jB2(x sinO+2 cos 6;)

) - %y
Up)

E.o, Ey, 0, and 0; are unknown quantities.

Tangential components of E and H are continuous at z = 0.
Ei(x,2=0)+ E.p(x,2 =0) = E,(x, 2 = 0)

Hiy(x,z =0) + Hyy(x,z2 =0) = Hy(z,2 = 0)

Ei cosf; e Ihrasinte _ B cosf, e iAot — o cog @, eIz sinb:
Eio e*jﬁl xsinf; + ETO 67]"81 Tsinfr _ Eto

h h Up
These equations must be satisfied for all z. So

efj,Bg x sin 04

brxsint; = B xsinf, = By xsinb, (phase matching)

[y xsin®; = 31 xsin,

sinf; = sin 6,

0, = 0; (Snell’s law of reflection)

(1 sinf; = (B3 sinf;

o w
smoy & _W/ma _Vima _ M (Snell’s law of refraction)

sinf;  fo wy/aes 2€2 o

ny : the index of refraction for medium 1.

ns : the index of refraction for medium 2.
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Forxz =0
Eiy cos; — E,y cosO, = E,y cosb, (68)
E; E, E
+2=" (69)
m m 2
E;y cosb; — E,q cosO; = E,y cos b, (70)
E; E, E
400 (71)
Ui T Uy
E,.o cost;, + E cost, = E;y cosb; (72)
Ui
Eiy+ Erg = — Ey (73)
2
E,o cosb; + Eyy cosb, = E;y cosb; (74)
T
E, g — — Eyp = —Ey // (= cosb;) (75)
2
E, cosb; + Eyy cost, = E;y cosb; (76)
—FE,o cosb; + Uil Ey cosl; = E;y cosb; (77)
2
E,y cosf, + Uil Ey cosb; = 2 E;y cosb; // (n2) (78)
2
M2 Eyo cos By + 1 By cos6; = 2ny Eyg cosb; (79)
Ey (2 cosb; 4+ my cosb;) = 2m, By cosb; (80)
E, 2 0;
Bo _ 2 cos @)
E; 12 cos By + ny cosb;
E. 2 0;
= = 2 (82)
Eyw 19 cosby +my cosb;
7+ transmission coefficient for vertical polarization
Eqo =2 Ey— Eo (83)
2
E, E
0 _ T Lw (84)
Ey n2 Ej
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Ero = Uis 7 — 1
Ei T2 ”
Eo _ T 215 cos0; 1

E; @ 7o cos By + ny cosb; B

E. 21, cosb; )

E; - 7o cos by + ny cosb; -

E.o  2m cost; —mns cos By —m; cosb;

Ei 12 cos By + my cosb;
E.o  m cosf; —mny cosb;

Ex 1 cosB, +n cosb;

Ly =

E.o  m cosf; —mny cosb,

Ex 1 cosB, 4+ cosb;

I' : reflection coefficient for vertical polarization

6.3 Total Reflection

a) Horizontal Polarization (Yatay Kutuplanma)

énr xr
Reflected wave A
H, )
No transmitted wave ?
0, \<\£\
———————————————————————————— ® >
0; R
’ énz
E; Medium 1 Medium 2
H, (€1, p1) (€2, p2)
Incident wave 5 =0

For total reflection we need |I'; | = 1l or I} = F1.
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Let’s firsttry I') = 1.

E.o  m cosO; —mns cosl; )

I' = = =
+ E; 11 cos by + ny cosb;

11 cos by —my cosb; =1, cosb; + 1y cosb;
= 219 cosb; =0
COS¢9¢ =0= 01 =90°

This does not give us an interesting solution.

Now let’'stry '] = —1.

E.o  m cos —mo cost;

I = = = -1

+ E; 171 cos By + ny cosb;
1M cos by — 1y cost; = —ny cosBy — 1, cosb;
21 cosf; =0

costy =0 =6, =90°
From Snell’s law

Sil’let . \/ M1 €1
sin@i N \/ U2 €2

For nonmagnetic media 1y = po = pp.

sin 6, €1
sin 6; €9

0, = 90° = sinf, = 1

1 €1
sin 6; €9
. €2
sinf; = ,/—
€1
€2
sinf, = ./ —
€1

- €2

0, =sint,/=

The angle of incidence 6. is called the critical angle.
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b) Vertical Polarization (Dikey Kutuplanma)

Anr €T
Reflected wave A

-
H,
N

N

el
g

No transmitted wave ?

N
N
N
N
0, .
fffffffffffffffffffffffffff (® > 2
0; R
p
.
,

s
s

Medium 1 Medium 2

—

H; (€1, 1) (€2, 112)
Incident wave
z=10
For total reflection we need |I')| = 1 or I'j = F1.

Let’s first try I') = —1.

E.o  m cost; — s cos b,

Ty = Eiy 1 cosB, +n; cosb; =1 (106)
1 cosB; — 1y cost, = —1ny cosb; — 1y cosb; (107)
= 2mn; cosf; =0 (108)
cost; =0= 06, =90° (109)

This does not give us an interesting solution.

Now let’s try I') = 1.
E.o  m cosB; —mny cosb;

T = Eiqy 1y cosf, +n cosb; =1 (110)
171 cos; —ng cosy = 1 cosby + 1; cosb; (111)
21 cosf; =0 (112)
cosy =0= 60, =90° (113)

From Snell’s law

sin 6, _ V1 €1 (114)
sin 91 \/ M2 €2
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For nonmagnetic media j1y = po = fp.
in
ke R 21 (115)
sin 6; €9
(9t = 90° = sin et =1 (116)
1
=2 (117)
sin 6; €9
sinf, = |2 (118)
€1
sinf, = , |2 (119)
€1
0, =sin!, |2 (120)
€1
The angle of incidence 6. is called the critical angle.
If 0; = 0, then 6; = 90°.
If 91 > 90 then
sinf; > sinf, (121)
sin; > /2 (122)
€1
€1 .
\/—sinf; > 1 (123)
€9
. €1 .
sinf =/ —sind; (124)
€2
= sinf;, > 1 (125)

There is no real solution for #; and total reflection occurs.
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6.4 Total Transmission

a) Horizontal Polarization (Yatay Kutuplanma)

T
A
ént
No reflected wave ? E; 3
i Transmitted wave
. et
——————————————————————————— (® i > 2
02‘ K/
’ ﬁnz
Ei Medium 1 Medium 2
H, (€1, p1) (€2, p2)
Incident wave 5 =0
For total transmission we need I'| = 0.
ro— E.g  m cosB; —ny cosb; _0
=

Eixy 1 cosf; +ny cosb;
=11 cosby —ng cosf; =0
= 1 cos by = ny cosb;

From Snell’s law

sinf; /il &
sinf; NI

M1 €1
M2 €2

cos, = /1 —sin’ 0, = \/1 _fa sin® 0,
M2 €2
cos; = /1 —sin? 6,

H1
€1

sin 01

sin 915 =

=
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H2
€2

e =

1 cos By = 1y cosb;

ELECTROMAGNETIC WAVES

,/”1 \/1— M Gn?e, = [*2 /1= sin? 6,
€2

H2 €2

—(1—E 20) K2 (1—sm 9)
€1 M2 €2

€2
2
. sin? §; = M2 12 Gn2g
€1 M2 €9 €2 €9
2
&sinQ@—'u—sm 0; _ 2 M
€2 Mo €2 €2 €1
2
(&_ b ) sin?f, = 12 _ 11
€2 2 €2 €9 €1
B2 _pa
sin®§; = 2L
p2 M1
€2 H2 €2
sin2 0, — €1 H2 — €2 U 52 €2 _
€1 €2 My — M1
€ —€
sm?el-: 1 M2 2 M1 2#2 _
€1 Mo — H1
€ —€
sin2 0, = 1 M2 2 1 . M2 .
€1 s (1= (pa/p2)?
€ —€ 1
sin? 9, = 1 M2 2 M1 _
ez L (/)
_em
Sil’l2 01 = L 52
-4
25}

For nonmagnetic media 1y = p9 = 19 and we have

sin? ; = oo

14

(134)
(135)

(136)

(137)

(138)

(139)

(140)

(141)

(142)

(143)

(144)

(145)

(146)

(147)

So for horizontal polarization there is no incidence angle that makes the reflection coeffi-

cientI'}, =0.
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b) Vertical Polarization (Dikey Kutuplanma)

-
s>
g H
P t

-
-

Transmitted wave

\

T

A
No reflected wave ?

,,,,,,,,,,,,,,,,,,,,,,,,,,, ,@/\ Qt
0;
(3
Medium 1 Medium 2
H; (e1, 1) (e2. 112)
Incident wave
z=0

For total transmission we need I'j = 0.

E.o  m cosB; —mny cosb;

=0

Ly =

=1 cosf; —ny costy =0
= 1, cosf; = ny cosb,

From Snell’s law

Sil’let B v/ M1 €1
sinf;, 2 €2

M1 €1

M2 €2

sin 97,

sin 975 =

Eyo 1o cos 6, + ny cosb; a

Sil’l2 91

M2 €2

cosf, = /1 —sin?6, = \/1—'ulel

cos; = /1 —sin? 6,

M1
m=\\/—
€1
2
N2 =/ —
€2
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1 cosf; = ny cosb, (157)
€
1/'ulvl—sm _1/,“2\/ Hia n?6; (158)
25 62
€
— (1 sin (9) H2 (1 B G 92-) (159)
€1 €2 M2 €2
L 20, _ 2 na sin? (160)
€1 €1 €2 €2 2 €2
L Y RN 0, = Ho B gne 0, (161)
€1 €1 €2 €2 €2
M Gin? 0, + HL Gin? 0; = K2 _H1 (162)
€1 €2 €9 €2 €1
M g, +“161 sin?g, = 12 11 (163)
€1 2 €2 €1
€
(_& o ) sin?f, = 12 11 (164)
€1 62 €2 €1
€
(“121 _ &> sing, = 12 _ M (165)
€5 €1 €9 €1
g2 p1
-2 € €
Sin*0; = e (166)
6% €1
€1 H2—€2 [41
in20 €1 €2
sin” 6; - (167)
€1 e%
2
€ —€ €1 €
sinf; = 122 9% (168)
€1 €2 €T U1 — € [
. €2
sin? 0; = [e1 1y — €3 p11] - (169)
G H1— &
. €2
s1n2 HZ = [61 M2 — €9 /Ll] T o (170)
e — €3]
€
Sil’l2 HZ = €2 U7 |: ! 'u2 :| (171)
€2 U1 T
sz
sin?f; = £ (172)
i1
2
)
sin’ f; = ——=4+ (173)
-4
2
For nonmagnetic media p4; = pe = o and we have
1_a 1_a
sin® 6; = 2 = 2 (174)
= ()
€5 €2 €2
sin’ ; = L (175)
1T 1 —"_ E—;
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1

JI+4

sinf; =

17

(176)

The angle satisfying this equation is called as the Brewster angle 0p. If §; = 0p then

I'y = 0 and there is no reflection from the interface, the wave is totally transmitted to the

second medium.
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