Erkan AFACAN ELECTROMAGNETIC WAVES

7. Time-Harmonic Fields

7.1 The Use of Phasors

For time harmonic (steady-state sinusoidal) fields it is convenient to use a phasor notation.
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Erkan AFACAN ELECTROMAGNETIC WAVES 2

Example 6:
Express 3 coswt —4 sinwt as first a) A; cos(wt+61); b) Ay sin(wt+6,). Determine Ay, 07, Az
and 0.

Solution
a)
3coswt = Re [3 el ej“’t} (8)
cos(x 4+ y) = cosx cosy — sinx siny 9)
cos(x — y) = cosx cosy + sinx siny (10)
cos(x — 90°) = cosx cos(90°) + sinz sin(90°) (11)
cos(x —90°) = (cosx) (0) + (sinz) (1) = sinx (12)
sinwt = cos(wt — 90°) = Re [e 77" /"] (13)
—4 sinwt = —4 cos(wt — 90°) = Re [4 /5" 779 1] = Re [4 €79 /'] (14)
3coswt — 4sinwt = Re [3 el ejwq + Re [4 90" ej”t} (15)
3coswt — 4sinwt = Re [(3 40+ 4ej900) ej‘”t] (16)
3coswt — 4sinwt = Re [ (34 j4) e]“t] (17)
3coswt — 4sinwt = Re [( eltan” 4/3)) J“’t} (18)
3coswt — 4sinwt = Re [(5 6353'130) ej“’t} (19)
3coswt — 4sinwt = 5 cos(wt + 53.13°) (20)
Ay =5,0; =53.13°
b)
3coswt — 4dsinwt = Ay sin(wt + 65) (21)
sinwt — 1 2£0° (22)
—4sinwt — 4 £ 180° (23)
sin(x + y) = sinx cosy + cosz siny (24)
sin(z + 90°) = sinz cos(90°) + cos x sin(90°) = cosx (25)
coswt = sin(wt + 90°) — 1 £90° (26)
3coswt — 3£90° (27)
3/90° +4/180° =3 —4=—4+4+3j3=5/(—tan ' 3/4) =5/143.13° (28)
3coswt —4sinwt =5 sin(wt + 143.13°) (29)

Ay =5, 0, = 143.13°
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7.2 Time-Harmonic Electromagnetics

We can write a time-harmonic E-field as

E(z,y,z,t) = Re [E(x, Y, 2) ejm} (peak value)

(30)

where E(z,7, z) is a vector phasor that contains information on direction, magnitude and

phase.
dE _ d . 4 .
- = Re [E(m,y, z) pr e“t] =Re [jw E(z,y,2) ejm}
dE — jwE
— w
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i Re {E(az,y,z) 7o e]w'f} =Re [ W E(z,y, 2 )e”ﬂ
E — —w’E
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dt?
. . A E .
/Edt /Re (x,y, 2 det] = Re [E(x,y,z) /e]“t dt} = Re [M et
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E
Jjw

We can write time-harmonic Maxwell’s equations in terms of vector field phasors

(31)
(32)
(33)
(34)

] (35)

(36)

(E,H)

and source phasors (p,f) in a simple (linear, isotropic, and homogeneous) medium as follows:

VXE:—E — VXE=—jwB =V XE=—jwuH
. . 0D T = o =
><H:J+E —-VxH=]J+jwD =V XxXH=]+ jweE

-ﬁ:p —-V:-D=p = V-E=
B=0

S ol

—V-B= = V-H
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. A .
V2A — pe— = — 45
HE 5 ) (45)
Nonhomogeneous wave equation for vector potential A.
= VA — pe(—w?A) = —uJ (46)
= VA + puew’ A =—uJ (47)
k* = w?pe (48)
k = w\/ue = ¥ (49)
c
k : wavenumber
VZA+EA=—uJ (50)
Nonhomogeneous Helmholtz equation.
vy e LV P (51)
—_ € — — ——
Heor €
Nonhomogeneous wave equation for scalar potential V.
= V2V — pe(—?V) = =L (52)
€
= V2V 4 pew?V = -2 (53)
€
V2V 4 K2V = P (54)
€
Nonhomogeneous Helmholtz equation.
Lorentz condition
- ov O
V~A+/Le§:O —+ VA4 jopeV =0 (55)
The phasor solution of nonhomogeneous Helmholtz equation
7 R
A H J (t — _) /
ARt) = — —=d 56
( Y ) 47T v R v ( )
Yy, 2,t) = Re [J(w,y,2) ] (57)
J@,y,2,t = RJe) = Re [J(a,y, 2) - (58)
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6jw(t—R/c) _ 6jwt e—ij/c _ ejwt e—ij (59)

k=w/c (60)

Y@y, 2.t = RJe) = Re [J(z,y, z) e I i (61)

J(t — R/c) — Je IR (62)
e 1% j)eiij /

A = — d Wb 63

=L [T wom (3

In a similar way

V(R) = —— / Pe W) (64)

The procedure for determining the electric and magnetic fields due to time harmonic
charge and current distributions is as follows:
1) Find phasors V(R) and A(R).

1 A
V(R) = / /p ' (65)
P j'eiij !
A(R) = ﬁ o dv (66)
Vl

2) Find E(R) and B(R).

E:—VV—%? E(R)=-VV — juA (67)
B=VxA—B(R)=VxA (68)

3) Find instantaneous E(R, t) and B(R, t).

E(R,t) = Re [E(R) ej“t] (69)

B(R,t) = Re [ﬁ(R) efwt} (70)
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7.3 Source-Free Fields in Simple Media

General Maxwell’s equations are given as follows:

V xE = —jwpH (71)
V x H = J+ jweE (72)
v.ﬁzg (73)
V-H=0 (74)

In a simple, nonconducting source-free medium (p = 0, J = 0,0 = 0) time-harmonic Maxwell’s

equations are

V xE = —jwuH (75)
V x H = jweE (76)
V-E=0 (77)
V-H=0 (78)
V xE = —jwpH (79)
V xVxE=—juuV x H=—jwu(jweE) = w?ueE (80)
V x VXE—w?ueE =0 (81)
VxVxE=V(V-E)—V?E (82)
V-E=0 (83)
—V?E — w?ueE = 0 (84)
V2E + w?ueE = 0 (85)

VZE+KE=0 (86)

Homogeneous vector Helmholtz’s equation

k=wype== (87)

In a similar way

VZH+K*H =0 (88)

Homogeneous vector Helmholtz’s equation
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