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PLANE ELECTROMAGNETIC WAVES

A uniform plane wave (diizlemsel dalga) is a particular solution of Maxwell’s equations
with E (H) assuming the same direction, same magnitude, and same phase in infinite planes

perpendicular to the direction of propagation.
1. Plane Waves in Lossless Media

We focus our attention on wave behavior in the sinusoidal steady state. We will investigate

the solutions of the homogeneous vector Helmholtz’s equation in free space.
VZE+KE=0 (1)

ko : free-space wavenumber

w rad
k’o = Wy/Uo€o = — (—) (2)
C m
E=a,F,+a,F, +a.F. (3)
V2E, +klE, =0 (4)
VPE,+kiE,=0 (5)
V2E, +k2E, =0 (6)
For E, component we have
V2B, + K B, =0 )
O’E, O*E, OE
0x2+8y2+0z2+0 (3)

Consider a uniform plane wave characterized by a uniform £, (uniform magnitude and con-

stant phase) over plane surfaces perpendicular to z; that is

0’FE,
=0 9
52 )
’E,
7 =0 (10)
In this case we have
d’E,
7.2 + kS E,=0 (11)
E.(2) = Ef(2) + E; (2) (12)
E.(2) = Ef e %7 4 E eiko (13)
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Ey, Ey : arbitrary complex constants

Ey and Ej are determined by boundary conditions.
Ef(z,t) = Re [E/(2) €]
Ef (z,t) = Re [Ef e 7%0* /']
Ef(z,t) = Ef cos(wt — kgz) (V/m)
t=0= E/(2,0) = Ef cos(—koz) = Ey cos(koz)

t = T = E; (z, l) = Ear cos (g - k02> = Ear sin(koz)

2w 2w

7r LT n n
t=—=F] <z, —) = Ey cos(m — koz) = —Ey cos(kz)

w w

The curve travels in the +2z direction and we have a traveling wave.
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Ef(z,t) = Ef cos(wt — koz) (20)

Let’s fix our attention on a particular point on the wave:

cos(wt — koz) = constant (21)
= wt — kgz = constant phase (22)
d
U, = d—j (phase velocity) (23)
9 (ot — ko2) = (24)
dt W 0% ) =
dz

— ey = = 25
w — Ko = 0 (25)
E_w_ e ] 29
dt ko % VMoo
u, =c (27)

The velocity of propagation of equiphase front (the phase velocity) in free space is equal to the
velocity of light. The term E|; e/*0* represents a cosinusoidal wave traveling in —z direction

with velocity c.
Ef(2) = Ef e7iko* (28)

xT

Now let’s find H.

V x E = —jwpug H (29)

V xE = e (30
E, E, E.

S 0E. OE 0E. OE OE, OE

E-=a S o) A (- 1
V x ax(ay 82) ay(ax az>+az<ax 8y> Gy
B, = B}(2) = B <% 42
5 o (33)
B —0 (34)
oE,

_0 35
e (35)

— N aEx A aE:j(’Z) A a —jkoz
VxE=a,—==a,— :aya[EaLe hoc] (36)
V X E = &, (—jko) Ey ¢7"* =&, (—jko) Ef (2) (37)
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o 1
H=— V X E
—jwiio
A= 4 (—jk) B (2)
— - a — I z
—jwpo T
H = a, H
HY(z) = ™0 (o)
Y wio ”

ko T 1 VG [e 1
Wt W o Clo Ho Ho Mo

m 2 B2 = 1207 ~ 377(Q)
€0

7o : the intrinsic impedance of the free space
Hf(z) = ! Ef A/

H}(z,t) =Re [H/(z) e’

1 . .
H/(z,t) =Re {— Ey emikoz ejm}

"o
Ey

Hf (2,t) = o cos(wt — koz) (A/m)
E(z,t) = a, B = a, B cos(wt — koz) (V/m)
- Ef
H(z,t) =a, HS =a, =2 cos(wt — koz) (A/m)

"o

For a uniform plane wave

|E| _|EY cos(wt — koz)|

ﬁ B nLo |Ey cos(wt — koz)| -
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