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4. Electromagnetic Boundary Conditions

Conditions on the Tangential Components of E and H

_ ﬁ
V X E = 8 (1)
7{ E-dl = / — - ds (Faraday’s law) (2)
Y
Ea:l E:c2
A
Ey1 Ay Eyg C\
Azx/2
<v > =
€1, 41,01 R B €2, U2,02
E:L‘3 E:c4
T
Region 1 Region 2

Suppose the surface of discontinuity to be the plane x = 0 as shown in figure. Consider

the small rectangle of width Ax and length Ay enclosing a small portion of each media (1)
and (2).

7{“ al = — /—ds (3)

ds =a,drdy =a, Az Ay (4)
Az Az Az Ar 8
Eyp Ay — E & ~ a5~ En Ay + Ep3 — 5 + By — 5 = Gt

B, is the average magnetic flux density through the rectangle Az Ay. Now let Az — 0.

So we obtain

EpA,—EaA, =0 (6)

Eyl - Ey2 (7)

The tangential components of an E field is continuous across an interface.
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Eyn—Ep=0 8)

a, x (E; —Ep) =0 9)
a,, — —a, : outward unit normal from medium 2 at the interface.

E =a,E, +a,E, +a. E., (10)

EQ =a, Fpota Epta b,y (11)

fln X (El — EQ) =
= _ﬁx X (ﬁx Exl + ﬁy Eyl + élz Ezl - éx Ex2 - éy Ey2 - ﬁz EZQ)

A 5 . . (12)
= —a, Eyl + ay Ezl +a, Eyg — EZQ
= ﬁy(Ezl - Ez2) +a, (Ey2 - Ey1> =0
= Eyl = Eyg (13)
= Ezl = E22 (14)
> - 0D s
H.dl = J+— ] -ds (Ampere’s circuital law) (15)
Y
Hxl HIZ
A
Hyl Ay Hy2 C\
Ax/2
4" > >
€1, 41,01 —_— —_— €2, U2,02
Hx3 Hx4
T
Region 1 Region 2
Lo A A A A
%H-dﬁzHygAy—Hﬂ—x— o — Hy Ay + Hyg = + Hyy = (16)
c 2 2 2 2
A1913130 ; H-dl =HypAy— Hy Ay (17)
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/J ds=J-a, Az Ay ds =a, Ax Ay (18)
Ahm0 /J ds = lim0 J-a.AzAy] = hm0 [(JAz) - a. Ay (19)
Jim JAz =7, (20)

J : volume current density (A /m?)

J : surface current density (A/m) (current sheet)

lim /f-d§:fs ca, Ay = J,, Ay (21)
S

Az—0

fs -a, = Js, (2 component of _fs)

li 8—5 = lim 22- (22)

Arso s Ot ~ Acs0 Ot

= HpAy— Hy Ay = Js, Ay (23)
Hy2 - Hyl = Jsz (24)

The tangential components of an H field is discontinuous across an interface where a sur-

face current exists.

Hy2 - Hyl = Js: (25)
X (ﬁl - ﬁz) :js (26)
a, = —a, : outward unit normal from medium 2 at the interface.
ﬁl =a, H,y+a,Hy+a, Hy (27)
I:i2 - ﬁz HxZ + éy Hy2 + ﬁz Hz2 (28)
.fs = az Jsx"—ﬁy sz—i_az Jsz (29)
X (ﬁl — ﬁQ) =
= _éx X (éx Hxl + ﬁy Hyl + zAlz Hzl - éx H:EZ - fly Hy2 - éz HZZ) (30)
= _ﬁz Hyl + éy Hzl + ﬁz Hy2 - ﬁy Hz?
= ﬁy (Hzl - Hz2) +a, (Hy2 - Hyl) :js
= Hyg — Hyl = Jsz (31)
= Hzl - Hz2 = sz (32)
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Conditions on the Normal Components of B and D

anl Dnl

€1, 41,01 Medium 1

€2, 2, 02 Medium 2

7{5 - ds / pdv (33)
S 1%

D2, As+D-anAs+ Upyge = pAx As (34)
Dpy As — Dyps As + Vegee = pAx As (35)

Vegge : the outward electric flux through the curved edge surface of the pillbox.

dim, e =0 50
gim, o=, 7

p : volume charge density (C/m?)
ps : surface charge density (C/m?)

D,y As — Dypo As = ps As (38)

Dnl - Dn2 = Ps (39)

The normal component of a D field is discontinuous across an interface where a surface

charge exists.

— —

4, (D) — Dy) = p, (40)

a,, : outward unit normal from medium 2 at the interface.

an] B

€1, 41,01 @ I Azx/2 Medium 1

I Azx/2 Medium 2

€2, 2,02

an2 I Bn2
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j{ﬁ-d§:0 (41)
S

In a similar way
B-a, As+B-a,As 4 pgge = 0 (42)

®Dgqe : the outward magnetic flux through the curved edge surface of the pillbox.

AI:}JIEO (I)edge =0 (43)
B As — By As =0 (44)
Bnl = Bn2 (45)

The normal component of a B field is continuous across an interface.
4.1 Interface Between Two Lossless Linear Media

A lossless linear medium can be specified by a permittivity € and permeability p, with
o=0. WesetpS:O,fszO.

€1
H1
o1 =0 I Medium 1

€9 Medium 2
2
09 = 0

D1 D2 D1 €1
t t - t “1

En=FEyp=—= e (46)
€1 €2 Dy €2
B B B

Hy=Hp= -2 =225 20N (47)
fh1 fho By e

Dy = Dpy = €1 By = €2 Epp (48)

Bnl == Bn2 = Hnl = U2 Hn2 (49)
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4.2 Interface Between a Dielectric and a Perfect Conductor

€1 ~

1 &

o1 =0 Medium 1

€2 Medium 2

H2 (Perfect conductor)
09 — OO

In the interior of a perfect conductor the electric field is zero, and charges reside on the

surface only.

E, =
H, =0
i (50)
D, =
B, =0
By =E9,=0
a, X (ﬁl_HQ):j’sjanXHl_Js (51)

a,, : outward unit normal from medium 2 at the interface.
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