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HEAT AND MASS TRANSFER

Introduction and Basic Concepts
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Thermodynamics and Heat Transfer

 The science of thermodynamics deals with the 
amount of heat transfer as a system 
undergoes a process from one equilibrium 
state to another, and makes no reference to 
how long the process will take.

 The science of heat transfer deals with the 
determination of the rates of energy that can 
be transferred from one system to another as 
a result of temperature difference.
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Application Areas of Heat Transfer
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Heat and Other Forms of Energy
 Energy can exist in numerous forms such as:

– thermal, 
– mechanical, 
– kinetic, 
– potential, 
– electrical, 
– magnetic, 
– chemical, and 
– nuclear.

 Their sum constitutes the total energy E (or 
e on a unit mass basis) of a system.

 The sum of all microscopic forms of energy is 
called the internal energy of a system.
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 Internal energy may be viewed as the sum of the 
kinetic and potential energies of the molecules.

 The kinetic energy of the molecules is called sensible 
heat.

 The internal energy associated with the phase of a 
system is called latent heat.

 The internal energy associated with the atomic bonds 
in a molecule is called chemical (or bond) energy.

 The internal energy associated with the bonds within 
the nucleus of the atom itself is called nuclear 
energy.
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Internal Energy and Enthalpy

 In the analysis of 
systems that involve fluid 
flow, we frequently 
encounter the 
combination of 
properties u and Pv.

 The combination is 
defined as enthalpy
(h=u+Pv).

 The term Pv represents 
the flow energy of the 
fluid (also called the flow 
work).
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Specific Heats of Gases, Liquids, 
and Solids

 Specific heat is defined as the energy 
required to raise the temperature of a unit 
mass of a substance by one degree.

 Two kinds of specific heats: 
– specific heat at constant volume cv, and 
– specific heat at constant pressure cp.

 The specific heats of a substance, in general, 
depend on two independent properties such as 
temperature and pressure. 

 For an ideal gas, however, they depend on 
temperature only.
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Specific Heats
 At low pressures all real gases approach ideal gas 

behavior, and therefore their specific heats depend on 
temperature only.

 A substance whose specific volume (or density) does 
not change with temperature or pressure is called an 
incompressible substance.

 The constant-volume and 
constant-pressure specific 
heats are identical for 
incompressible 
substances.

 The specific heats of 
incompressible substances 
depend on temperature only.
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Energy Transfer

 Energy can be transferred to or from a given mass by two 
mechanisms: 
– heat transfer, and 
– work.

 The amount of heat transferred during a process is denoted by Q. 
 The amount of heat transferred per unit time is called heat 

transfer rate, and is denoted by 
 The total amount of heat transfer Q during a time interval Dt can 

be determined from

 The rate of heat transfer per unit area normal to the direction of 
heat transfer is called heat flux, and the average heat flux is 
expressed as


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The First Law of Thermodynamics

 The first law of thermodynamics states that energy 
can neither be created nor destroyed during a process; 
it can only change forms.

 The energy balance for any system undergoing any 
process can be expressed as (in the rate form)



12

 In heat transfer problems it is convenient 
to write a heat balance and to treat the 
conversion of nuclear, chemical, 
mechanical, and electrical energies into 
thermal energy as heat generation.

 The energy balance in that case can be 
expressed as
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Energy Balance

Closed systems

 Stationary closed 
system, no work:

Steady-Flow Systems

When kinetic and potential 
energies are negligible, 
and there is no work 
interaction
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Heat Transfer Mechanisms

 Heat can be transferred in three basic 
modes: 
– conduction,

– convection,

– radiation.

 All modes of heat 

transfer require the 

existence of a temperature difference.

 All modes are from the high-temperature 
medium to a lower-temperature one.
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CONDUCTION

 Conduction: the transfer of heat from
one part of a material to another part of
the same material, or from one material
to another in physical contact with it,
without any appreciable displacement of
the molecules.

The rate of heat conduction through a 
medium depends on:

 the geometry of the medium
 the thickness
 the material of the medium
 the temperature difference across the 

medium.
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The rate of heat conduction through a
plane layer is proportional to the
temperature difference across the
layer and the heat transfer area, but is
inversely proportional to the thickness
of the layer.

or

where the constant of proportionality
k is the thermal conductivity of the
material, which is a measure of the
ability of a material to conduct heat
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In the limiting case of reduces to

which is called Fourier’s law of heat
conduction after J. Fourier, who expressed it
first in his heat transfer text in 1822.

Here, dT/dx is the temperature gradient,
which is the slope of the temperature curve
on a T-x diagram at location x.

The negative sign in the above equation ensures that heat
transfer in the positive x direction is a positive quantity.
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Thermal Conductivity
Thermal Conductivity: a measure of a solid material to conduct heat
(the rate of heat transfer through a unit thickness of the material
per unit area per unit temperature difference).
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Thermal Diffusivity

Heat Capacity of a Material: the product ρCp which is frequently 
encountered in heat transfer analysis.

Thermal Diffusivity: another material property that appears in the
transient heat conduction analysis, representing how fast heat
diffuses through a material.

where the thermal conductivity k represents how well a material
conducts heat, and the heat capacity ρCp represents how much
energy a material stores per unit volume.

The thermal diffusivity of a material can be viewed as the ratio
of the heat conducted through the material to the heat stored
per unit volume.
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CONVECTION
Convection: the mode of energy transfer between a solid surface
and the adjacent, moving liquid or gas (involving the combined effects
of conduction and fluid motion).

Forced Convection: where the fluid is forced to flow over the
surface by external means such as a fan, pump, or the wind.

Natural (or Free) Convection: where the fluid motion is caused by
buoyancy forces that are induced by density differences due to
the variation of temperature in the fluid.
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The rate of convection heat transfer is observed to be proportional
to the temperature difference, and is conveniently expressed by
Newton’s law of cooling as

h  :  Convection heat transfer 
coefficient in W/m2°C 
As :  Surface area through 
which convection heat 
transfer takes place
Ts :  Surface temperature
T  :  Temperature of the fluid 
sufficiently far from the 
surface
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RADIATION
Radiation: the energy emitted by matter in the form of
electromagnetic waves (or photons) as a result of the changes in the
electronic configurations of the atoms or molecules.

Thermal Radiation: the form of radiation emitted by bodies because 
of their temperature.

Radiation is a volumetric phenomenon, and all solids, liquids, and gases 
emit, absorb, or transmit radiation to varying degrees. 

Radiation is usually considered to be a surface phenomenon for solids 
that are opaque to thermal radiation such as metals, wood, and rocks 
since the radiation emitted by the interior regions of such material 
can never reach the surface, and the radiation incident on such bodies 
is usually absorbed within a few microns from the surface.
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The maximum rate of radiation that can be emitted from a surface at
an absolute temperature Ts (in K or R) is given by the Stefan–
Boltzmann law as

σ : The Stefan–Boltzmann constant (5.66910-8 W/m2·K4)

Blackbody: the idealized surface that emits radiation at this maximum 
rate.

Blackbody Radiation: 
the radiation emitted by 
a blackbody.
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The radiation emitted by all real surfaces is less than the radiation
emitted by a blackbody at the same temperature, and is expressed as

where Ɛ is the emissivity of the surface.

Emissivity: a measure of how closely a 
surface approximates a blackbody for 
which Ɛ=1. 
Its  value is in the range 0 ≤ Ɛ≤ 1

Absorptivity (α): the fraction of the
radiation energy incident on a
surface that is absorbed by the
surface.
A blackbody absorbs the entire
radiation incident on it and is a
perfect absorber (α= 1) as it is a
perfect emitter.
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Kirchhoff’s Law of Radiation: the
emissivity and the absorptivity of
a surface at a given temperature
and wavelength are equal.

where is the rate at which
radiation is incident on the surface
and a is the absorptivity of the surface.

The net rate of radiation heat 
transfer between  two surfaces:
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Combined Heat Transfer Coefficient (hcombined): including the effects
of both convection and radiation.

The total  heat transfer rate to or from a surface by convection and 
radiation:

Radiation is usually significant relative to conduction or natural
convection, but negligible relative to forced convection. Thus
radiation in forced convection applications is usually disregarded,
especially when the surfaces involved have low emissivities and low
to moderate temperatures.
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SIMULTANEOUS HEAT TRANSFER
MECHANISMS

• Heat transfer is only by conduction in opaque
solids, but by conduction and radiation in
semitransparent solids.

• In the absence of radiation, heat transfer
through a fluid is either by conduction or
convection, depending on the presence of any
bulk fluid motion.
• Convection can be viewed as combined
conduction and fluid motion, and conduction in a
fluid can be viewed as a special case of
convection in the absence of any fluid motion.
• Heat transfer through a vacuum is by radiation 
only since conduction or convection requires the 
presence of a material medium.
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Concluding Points
• Differences between Thermodynamics and Heat Transfer?

• Basic Concepts of Thermodynamics  

• Heat Transfer Modes?

• Fourier’s Law of Heat Conduction?

• Thermal Conductivity and Thermal Diffusivity?

• Natural (or Free) and Forced Convection?

• Convection and Newton’s Law of Cooling?

• Radiation and Stefan–Boltzman Law?

• Blackbody and Emissivity?

• Kirchhoff’s Law of Radiation?

• Combined Heat Transfer Coefficient?

• Simultaneous Heat Transfer Mechanisms?
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HEAT AND MASS TRANSFER

Heat Conduction Equation
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Outline

• Introduction

• One-dimensional heat conduction equation

• General heat conduction equation

• Boundary and initial conditions

• Solution of one-dimensional heat conduction 
problems

• Heat generation in a solid

• Variable thermal conductivity

• Conclusions
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Objectives

• To understand multidimensionality and time dependence of heat
transfer, and the conditions under which a heat transfer problem
can be approximated as being one-dimensional.

• To obtain the differential equation of heat conduction in various
coordinate systems, and simplify it for steady one-dimensional
case.

• To identify the thermal conditions on surfaces, and express them
mathematically as boundary and initial conditions.

• To solve one-dimensional heat conduction problems and obtain the
temperature distributions within a medium and the heat flux.

• To analyze one-dimensional heat conduction in solids that involve
heat generation.

• To evaluate heat conduction in solids with temperature-dependent
thermal conductivity.
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Introduction

• Although heat transfer and temperature are closely 
related, they are of a different nature.

• Temperature has only magnitude

it is a scalar quantity.

• Heat transfer has direction as well as magnitude 

it is a vector quantity.

• We work with a coordinate system and indicate direction 
with plus or minus signs. 
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• The driving force for any form of heat transfer is the temperature 
difference.

• The larger the temperature difference, the larger the rate of heat 
transfer.

• Three prime coordinate systems:

– rectangular (T(x, y, z, t)) ,

– cylindrical (T(r, f, z, t)),

– spherical (T(r, f, q, t)).
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Classification of conduction heat transfer problems:

• steady versus transient heat transfer,

• multidimensional heat transfer,

• heat generation.

• Steady implies no 
change with time at 
any point within the 
medium

• Transient implies 
variation with time 
or time dependence
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Multidimensional Heat Transfer
• Heat transfer problems are also classified as being:

– one-dimensional,
– two dimensional,
– three-dimensional.

• In the most general case, heat transfer through a medium is three-
dimensional. However, some problems can be classified as two- or one-
dimensional depending on the relative magnitudes of heat transfer rates
in different directions and the level of accuracy desired.

• The rate of heat conduction through a medium in a specified direction
(say, in the x-direction) is expressed by Fourier’s law of heat conduction
for one-dimensional heat conduction as:

Heat is conducted in the direction of
decreasing temperature, and thus the
temperature gradient is negative when
heat is conducted in the positive x -
direction.
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Multidimensional Heat Transfer
• One-dimensional if the temperature in the medium varies in one

direction only and thus heat is transferred in one direction, and the
variation of temperature and thus heat transfer in other directions
are negligible or zero.

• Two-dimensional if the temperature in a medium, in some cases, varies
mainly in two primary directions, and the variation of temperature in
the third direction (and thus heat transfer in that direction) is
negligible.
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General Relation for Fourier’s Law 
of Heat Conduction

• The heat flux vector at a point P on the surface of the figure must 
be perpendicular to the surface, and it must point in the direction 
of decreasing temperature

• If n is the normal of the  isothermal 

surface at point P, the rate of heat conduction 

at that point can be expressed by Fourier’s law 

as
      (W)n

dT
Q kA

dn
 

In rectangular coordinates, 
the heat conduction vector 
can be expressed in terms 
of its components as

which can be determined 
from Fourier’s law as

n x y zQ Q i Q j Q k  

     x x

y y

z z

T
Q kA

x

T
Q kA

y

T
Q kA

z

 
 





 


 

 

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Heat Generation
• Examples:

– electrical energy being converted to heat 
at a rate of I2R,

– fuel elements of nuclear reactors,

– exothermic chemical reactions.

• Heat generation is a volumetric phenomenon.

• The rate of heat generation units : W/m3 or 
Btu/h · ft3.

• The rate of heat generation in a medium may 
vary with time as well as position within the 
medium.  

• The total rate of heat generation in a medium 
of volume V can be determined from

     (W)gen gen

V

E e dV 
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One-Dimensional Heat Conduction 
Equation - Plane Wall

xQ

Rate of heat

conduction

at x

Rate of heat

conduction

at x+Dx

Rate of heat

generation inside 

the element

Rate of change of 

the energy content 

of the element

- + =

,gen elementE
x xQ D

elementE

t

D


D
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• The change in the energy content and the rate of heat 

generation can be expressed as

• Substituting into above equation, we get

   

,

element t t t t t t t t t

gen element gen element gen

E E E mc T T cA x T T

E e V e A x

D D D
D      D 


  D

,
element

x x x gen element

E
Q Q E

t
D

D
  

D

x x xQ Q D gene A x D t t tT T
cA x

t
 D 

 D
D

1
gen

T T
kA e c

A x x t


   
  

   

• Dividing by ADx, taking the limit as Dx 0 and Dt 0,   

and from Fourier’s law:
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The area A is constant for a plane wall  the one dimensional 
transient heat conduction equation in a plane wall is

gen

T T
k e c

x x t


   
  

   
Variable conductivity:

Constant conductivity:
2

2

1
   ;   

geneT T k

x k t c


 

 
  

 

1) Steady-state:

2) Transient, no heat generation:

3) Steady-state, no heat generation:

2

2
0

gened T

dx k
 

2

2

1T T

x t

 


 

2

2
0

d T

dx


The one-dimensional conduction equation may be reduces to the 
following forms under special conditions 
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One-Dimensional Heat Conduction 
Equation - Long Cylinder

rQ

Rate of heat

conduction

at r

Rate of heat

conduction

at r+Dr

Rate of heat

generation inside 

the element

Rate of change of 

the energy content 

of the element

- + =

,gen elementE
elementE

t

D


Dr rQ D
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• The change in the energy content and the rate of heat 

generation can be expressed as

• Substituting into Eq. 2–18, we get

   

,

element t t t t t t t t t

gen element gen element gen

E E E mc T T cA r T T

E e V e A r

D D D
D      D 


  D

,
element

r r r gen element

E
Q Q E

t
D

D
  

D

r r rQ Q D gene A r D t t tT T
cA r

t
 D 

 D
D

1
gen

T T
kA e c

A r r t


   
  

   

• Dividing by ADr, taking the limit as Dr 0 and Dt 0,   

and from Fourier’s law:
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Noting that the area varies with the independent variable r
according to A=2πrL, the one dimensional transient heat 
conduction equation in a long cylinder becomes

1
gen

T T
rk e c

r r r t


   
  

   

1
0

gened dT
r

r dr dr k

 
  

 

The one-dimensional conduction equation may be reduces 
to the following forms under special conditions 

1 1geneT T
r

r r r k t

   
  

   

1 1T T
r

r r r t

   
 

   

0
d dT

r
dr dr

 
 

 

Variable conductivity:

Constant conductivity:

1) Steady-state:

2) Transient, no heat generation:

3) Steady-state, no heat generation:
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One-Dimensional Heat Conduction 
Equation - Sphere

2

2

1
gen

T T
r k e c

r r r t


   
  

   

2

2

1 1geneT T
r

r r r k t

   
  

   

Variable conductivity:

Constant conductivity:
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General Heat Conduction Equation

x y zQ Q Q 

Rate of heat

conduction

at x, y, and z

Rate of heat

conduction

at x+Dx, y+Dy, 

and z+Dz 

Rate of heat

generation

inside the

element

Rate of change

of the energy

content of the 

element

- + =

x x y y z zQ Q QD D D   ,gen elementE elementE

t

D


D
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Repeating the mathematical approach used for the one-
dimensional heat conduction the three-dimensional heat 
conduction equation is determined to be

2 2 2

2 2 2

1geneT T T T

x y z k t

   
   

   

2 2 2

2 2 2
0

geneT T T

x y z k

  
   

  

2 2 2

2 2 2

1T T T T

x y z t

   
  

   

2 2 2

2 2 2
0

T T T

x y z

  
  

  

Two-dimensional

Three-dimensional

1) Steady-state:

2) Transient, no heat generation:

3) Steady-state, no heat generation:

Constant conductivity:
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Cylindrical coordinates

2

1 1
gen

T T T T T
rk k k e c

r r r r z z t


 

          
       

          

2

2 2 2 2

1 1 1
sin

sin sin
gen

T T T T
kr k k e c

r r r r r t
 

     

          
       

          

Spherical coordinates
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Boundary and Initial Conditions

• Specified Temperature Boundary Condition

• Specified Heat Flux Boundary Condition

• Convection Boundary Condition

• Radiation Boundary Condition

• Interface Boundary Conditions

• Generalized Boundary Conditions
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Specified Temperature Boundary 
Condition

For one-dimensional heat transfer 
through a plane wall of thickness 
L, for example, the specified 
temperature boundary conditions 
can be expressed as

T(0, t) = T1

T(L, t) = T2

The specified temperatures can be constant, which is the case 
for steady heat conduction, or may vary with time.
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Specified Heat Flux Boundary 
Condition

dT
q k

dx
  

Heat flux in the 

positive x-

direction

The sign of the specified heat flux is determined by 
inspection: positive if the heat flux is in the positive 
direction of the coordinate axis, and negative if it is in 
the opposite direction.

The heat flux in the positive x-

direction anywhere in the medium, 
including the boundaries, can be 
expressed by Fourier’s law of heat 
conduction as
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Two Special Cases

Insulated boundary Thermal symmetry

(0, ) (0, )
0     or     0 

T t T t
k

x x

 
 

 
 ,

2
0

LT t

x





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Convection Boundary Condition

 1 1

(0, )
(0, )

T t
k h T T t

x



  



 2 2

( , )
( , )

T L t
k h T L t T

x



  



Heat conduction
at the surface in 

a selected 
direction

Heat convection
at the surface in 

the same 
direction

=
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Radiation Boundary Condition

Heat conduction

at the surface in a

selected direction

Radiation exchange 

at the surface in

the same direction
=

4 4

1 ,1

(0, )
(0, )surr

T t
k T T t

x
 


    

4 4

2 ,2

( , )
( , ) surr

T L t
k T L t T

x
 


    
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Interface Boundary Conditions

0 0( , ) ( , )A B
A B

T x t T x t
k k

x x

 
  

 

At the interface the requirements are:
(1) two bodies in contact must have the same temperature at the area of 

contact,
(2) an interface (which is a 

surface) cannot store any 
energy, and thus the heat flux 
on the two sides of an 
interface must be the same.

TA(x0, t) = TB(x0, t) 

Heat transfer

to the surface

in all modes

Heat transfer

from the surface

In all modes
=

Generalized boundary condition
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Heat Generation in Solids-
The Surface Temperature

For a large plane wall of thickness
2L (As=2Awall and V=2LAwall)

,  

gen

s plane wall

e L
T T

h
 

For a long solid cylinder of 
radius r0 (As=2pr0L and V=pr0

2L)
0

,
2

gen

s cylinder

e r
T T

h
 

For a solid  sphere of radius r0

(As=4pr0
2 and V=4/3pr0

3)
0

,
3

gen

s sphere

e r
T T

h
 

Rate of

heat transfer

from the solid

Rate of energy 

generation

within the solid=
     (W)genQ e V

       (W)s sQ hA T T 

gen

s

s

e V
T T

hA
 

Examples of 
heat generation
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Heat Generation in Solids -The maximum 
Temperature in a Cylinder (the Centerline)

The heat generated within an inner 
cylinder must be equal to the heat 
conducted through its outer surface. 

r gen r

dT
kA e V

dr
 

Substituting these expressions 
into the above equation and 
separating the variables, we get

   22
2

gen

gen

edT
k rL e r L dT rdr

dr k
p p    

Integrating from r =0 where T(0) =T0 to r=ro

Plane wall

Cylinder

Sphere
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Variable Thermal Conductivity, k(T)

• The thermal conductivity of a 
material, in general, varies with 
temperature.

• An average value for the thermal 
conductivity is commonly used 
when the variation is mild.

• This is also common practice for 
other temperature-dependent 
properties such as the density and 
specific heat.
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Variable Thermal Conductivity for 
One-Dimensional Cases

2

1

2 1

( )
T

T

ave

k T dT
k

T T






When the variation of thermal conductivity with 
temperature k(T) is known, the average value of the 
thermal conductivity in the temperature range 
between T1 and T2 can be determined from

The variation in thermal conductivity of a material 
with can often be approximated as a linear function 
and expressed as

0( ) (1 )k T k T 

β is the temperature coefficient of thermal 
conductivity.

For a plane wall the temperature varies linearly during steady one-
dimensional heat conduction when the thermal conductivity is constant. 
This is no longer the case when the thermal conductivity changes with 
temperature (even linearly). 
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Concluding Points
One-Dimensional Heat Conduction 

General Heat Conduction Equation 

Boundary and Initial Conditions 

Solution of Steady One-Dimensional Heat Conduction 
Problems

Heat Generation in a Solid 

Variable Thermal Conductivity k (T )
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Steady Heat Conduction
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OUTLINE

• Steady Heat Conduction in Plane Walls

• Thermal Contact Resistance

• Generalized Thermal Resistance Networks

• Heat Conduction in Cylinders and Spheres

• Critical Radius of Insulation

• Heat Transfer from Finned Surfaces

• Heat Transfer in Common Configurations

• Conclusions 
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Heat transfer in a certain direction
is driven by the temperature
gradient in that direction.

There will be no heat transfer in a
direction in which there is no
change in temperature.

Steady Heat Conduction In Plane Walls

If the air temperatures in and
outside the house remain constant,
then heat transfer through the wall
of a house can be modeled as steady
and one-dimensional.

Heat transfer through the wall is in
the normal direction to the wall
surface, and no significant heat
transfer takes place in the wall in
other directions.
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Integrating and rearranging

or

for steady operation (no change in the temperature of the 
wall with time at any point) and 

• Energy balance:

• The Fourier’s law of heat conduction for the wall:

where dT/dx= constant and T varies linearly with x.
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The Thermal Resistance Concept
Heat conduction through a plane wall is

where

is the thermal resistance of the wall against heat conduction
(conduction resistance). The thermal resistance of a medium depends on
the geometry and the thermal properties of the medium.

Taking into account analogous to the 
relation for electric current flow I:

where Re = L/σeA is the electric resistance
and V1 - V2 is the voltage difference across
the resistance (σe is the electrical
conductivity).
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Newton’s law of cooling for convection heat transfer rate:

can be rearranged as

with

which is the thermal resistance of the
surface against heat convection, or simply
the convection resistance of the surface.

When the convection heat transfer
coefficient is very large , the
convection resistance becomes zero and
. . That is, the surface offers no
resistance to convection, and thus it does
not slow down the heat transfer process.
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The rate of radiation heat transfer between a surface of emissivity ε
and area As at temperature Ts and the surrounding surfaces at some
average temperature Tsurr can be expressed as

with which is the radiation resistance. 

is the radiation heat transfer coefficient.

Both Ts and Tsurr must  be in K in the evaluation of hrad.

When             , the radiation effect can properly be accounted for by 
replacing h in the convection resistance relation by

where hcombined is the combined heat transfer coefficient.
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Thermal Resistance Network
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Under steady conditions

which can be rearranged as

or

Adding the numerators and denominators 
yields

where

The thermal resistances are in series, and the equivalent thermal
resistance is determined by simply adding the individual resistances,
just like the electrical resistances connected in series.
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The equation                   can be rearranged as

Here, the temperature drop across any layer is equal to the rate of
heat transfer times the thermal resistance across that layer.
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Analogous to Newton’s law of cooling as

U: the overall heat transfer coefficient
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Multilayer Plane Walls
The rate of steady heat transfer through a
plane wall consisting of two layers

Rtotal: the total thermal resistance

for the resistances in series.

 It is limited to systems involving steady
heat transfer with no heat generation.
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THERMAL CONTACT RESISTANCE

Thermal Contact Resistance (Rc.): the resistance per unit interface area

In the analysis of heat conduction through multilayer solids, we
assumed “perfect contact” at the interface of two layers, and thus no
temperature drop at the interface.
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Heat transfer through the interface
of two metal rods of cross-sectional
area A is the sum of the heat
transfers through the solid contact
spots and the gaps in the noncontact
areas and can be expressed as

An analogous manner to Newton’s law 
of cooling:

A: the apparent interface area
(which is the same as the cross-
sectional area of the rods
Tinterface: the effective temperature
difference at the interface
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The thermal contact conductance is expressed as

It is related to thermal contact resistance by

The thermal resistance of a 1-cm-thick layer of an insulating material 
per unit surface area is

whereas for a 1-cm-thick layer of copper, it is
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The thermal contact conductance is highest (with the lowest contact
resistance) for soft metals with smooth surfaces at high pressure.
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GENERALIZED THERMAL RESISTANCE NETWORKS

With the electrical analogy

For the composite wall consisting of
two parallel layers, the total heat
transfer is the sum of the heat
transfers through each layer.

with
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For the combined series-parallel arrangement, the total rate of heat
transfer through this composite system is

with

and

Two assumptions:
(i) any plane wall normal to the x-axis is

isothermal and
(ii) any plane parallel to the x-axis is

adiabatic.

These assumptions result in different resistance networks, while
the actual result lies between two assumptions.
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The Fourier’s law of heat conduction for heat
transfer through the cylindrical layer is

Here,                  is the heat transfer area at 
location r

We obtain

since            =  constant. 

HEAT CONDUCTION IN CYLINDERS AND SPHERES
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The thermal resistance of the cylindrical layer against heat
conduction, or simply the conduction resistance of the cylinder layer.

Repeating  the analysis for a spherical layer by taking  

with

which is the thermal resistance of the spherical layer against heat
conduction, or simply the conduction resistance of the spherical
layer.
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The rate of heat transfer through a cylindrical or spherical layer
under steady conditions:

where

for a cylindrical layer, and

for a spherical layer.

A in the convection resistance relation Rconv=
1/hA is the surface area at which convection
occurs.
It is equal to A = 2πrL for a cylindrical surface
and A = 4πr2 for a spherical surface of radius r.
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Multilayered Cylinders and Spheres
Steady heat transfer through multilayered cylindrical or spherical
shells is treated like multilayered plane walls.
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Rtotal is the total thermal resistance, expressed as

Here, A1 = 2 πr1L and A4 = 2 πr4L

The total thermal resistance is
simply the arithmetic sum of the
individual thermal resistances in the
path of heat flow

We can also calculate T2 from
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CRITICAL RADIUS OF INSULATION

The rate of heat transfer from the insulated 
pipe to the surrounding air is

Performing the differentiation and solving
for r2 yields the critical radius of insulation
for a cylindrical body to be

The critical radius of insulation for a spherical
shell is

k : the thermal conductivity of the insulation
h : the convection heat transfer coefficient on the   

outer surface
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HEAT TRANSFER FROM FINNED SURFACES

The rate of heat transfer from a surface at a temperature Ts to the 
surrounding medium at T is given by Newton’s law of cooling as

As : the heat transfer surface area
h :  the convection heat transfer coefficient

There are two ways to increase the rate of heat transfer:
1) to increase the convection heat transfer coefficient h 
2) to increase the surface area As

Increasing h may require the installation of a pump or fan, or replacing
the existing one with a larger one, but this approach may or may not
be practical. Besides, it may not be adequate.

The alternative is to increase the surface area by attaching to the
surface extended surfaces called fins made of highly conductive
materials such as aluminum.
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Consider steady operation with no heat 
generation in the fin with the following 
assumptions:

• The thermal conductivity k of the
material remains constant.
• The convection heat transfer
coefficient h is constant and uniform
over the entire surface of the fin for
convenience in the analysis.
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Fin Equation

Under steady conditions, the energy balance on this volume element
can be expressed as

or

with

Substituting and dividing by Δx, we obtain

Taking the limit as Δx → 0 gives
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From Fourier’s law of heat conduction we have

where Ac : the cross-sectional area of the fin at location x

In the special case (with constant cross section and thermal conductivity):

and                      is the temperature excess. 

At the fin base we have                 .

with

The function u and its second derivative 
must be constant multiples of each 
other.

where C1 and C2 are arbitrary constants.
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Infinitely Long Fin (Tfin tip = T∞)

For a sufficiently long fin of uniform cross section (Ac constant):

p   :  the perimeter
Ac : the cross-sectional 
area of the fin 
x : the distance from 
the fin base
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Negligible Heat Loss from the Fin Tip 
(Insulated fin tip,         )

The fin tip can be assumed to be insulated, and the condition at the 
fin tip can be expressed as

The rate of heat transfer from the fin can be determined again from 
Fourier’s law of heat conduction:

The heat transfer relations for the very long fin and the fin with
negligible heat loss at the tip differ by the factor tanh aL, which
approaches 1 as L becomes very large.
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Convection (or Combined Convection and 
Radiation) from Fin Tip

A practical way of accounting for the heat loss from the fin tip is
to replace the fin length L in the relation for the insulated tip
case by a corrected length defined as

t:  the thickness of the rectangular fins
D:  the diameter of the cylindrical fins.
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Fin Efficiency

In the limiting case of zero thermal
resistance or infinite thermal
conductivity, the temperature
of the fin will be uniform at the
base value of Tb.

The heat transfer from the fin will
be maximum in this case and can be
expressed as
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Fin efficiency can be defined as:

or

For the cases of constant cross section of
very long fins and fins with insulated tips,
the fin efficiency can be expressed as

and

since Afin = pL for fins with constant cross section.



53



54



55



56

• Fins with triangular and parabolic profiles contain less material and
are more efficient than the ones with rectangular profiles, and
thus are more suitable for applications requiring minimum weight
such as space applications.

• An important consideration in the design of finned surfaces is the
selection of the proper fin length L. Normally the longer the fin,
the larger the heat transfer area and thus the higher the rate of
heat transfer from the fin.

• The larger the fin, the bigger the mass, the higher the price, and
the larger the fluid friction. Therefore, increasing the length of
the fin beyond a certain value cannot be justified unless the added
benefits outweigh the added cost.

• Fin lengths that cause the fin efficiency to drop below 60%
percent usually cannot be justified economically and should be
avoided. The efficiency of most fins used in practice is above 90%.
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Fin Effectiveness
The performance of fins expressed in terms of the fin effectiveness 
εfin is defined

Ab : the cross-sectional area of the fin at
the base

: the rate of heat transfer from this
area if no fins are attached to the surface.
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An effectiveness of εfin= 1 indicates that the addition of fins to 
the surface does not affect heat transfer at all.

An effectiveness of εfin < 1 indicates that the fin actually acts as
insulation, slowing down the heat transfer from the surface.

An effectiveness of εfin > 1 indicates that fins are enhancing heat
transfer from the surface, as they should.

Finned surfaces are designed on the basis of maximizing
effectiveness for a specified cost or minimizing cost for a desired
effectiveness.

The fin efficiency and fin effectiveness are related to each other 
by
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The effectiveness of a sufficiently long fin of uniform cross section 
under steady conditions  is determined to be

since Ac = Ab.

In the design and selection of the fins, the following should be taken
into account:

• The thermal conductivity k of the fin material should be as high as
possible. Thus it is no coincidence that fins are made from metals,
with copper, aluminum, and iron being the most common ones. Perhaps
the most widely used fins are made of aluminum because of its low
cost and weight and its resistance to corrosion.

• The ratio of the perimeter to the cross-sectional area of the fin
p/Ac should be as high as possible. This criterion is satisfied by thin
plate fins and slender pin fins.

• The use of fins is most effective in applications involving a low
convection heat transfer coefficient.
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The rate of heat transfer for a surface containing n fins can be
expressed as

The overall effectiveness for a finned
surface is defined as the ratio of the
total heat transfer from the finned
surface to the heat transfer from the
same surface if there were no fins.

Ano fin : the area of the surface when 
there are no fins

Afin : the total surface area of all the 
fins on the surface

Aunfin : the area of the unfinned portion 
of the surface
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Proper Length of a Fin
To get a sense of the proper length of a fin,
we compare heat transfer from a fin of finite
length to heat transfer from an infinitely long
fin under the same conditions. The ratio of
these two heat transfers is

Studies have shown that the error involved
in one-dimensional fin analysis is negligible
(less than about 1%) when

The heat transfer performance of heat sinks is usually expressed in 
terms of their thermal resistances R in oC/W, which is defined as
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HEAT TRANSFER IN COMMON CONFIGURATIONS

• We have dealt with 1-D simple geometries.
 The question: What happens if we have 2- or 3-D complicated
geometries?
• The steady rate of heat transfer between two surfaces at constant
temperatures T1 and T2 is expressed as

S : the conduction shape factor (which has the dimension of length) 
k :  the thermal conductivity of the medium between the surfaces

 The conduction shape factor depends on the geometry of the system 
only.

A comparison of the following equations reveals that the conduction
shape factor S is related to the thermal resistance R by R = 1/kS or
S = 1/kR.
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Concluding Points:
• Steady and One-Dimensional Modeling of Heat Transfer through a Wall

• Conduction and Convection Resistances

• Analogy between Thermal and Electrical Resistances

• Radiation and Combined Heat Transfer Coefficients

• Overall Heat Transfer Coefficient

• Heat Transfer through a Plane and Multilayer Plane Walls

• Thermal Contact Resistance

• Generalized Thermal Resistance Networks

• Heat Conduction in Multilayered Cylinders and Spheres

• Critical Radius of Insulation  for Cylindrical and Spherical Bodies

• Heat Transfer from Finned  Surfaces

• Fin Efficiency, Fin  Effectiveness  and Overall Effectiveness

• Important Considerations in the Design and Selection of Fins

• Heat Transfer in Common Configurations and Conduction Shape Factors
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Outline

• Lumped system analysis

• Transient heat conduction in
– large plane walls

– long cylinders

– spheres

• Transient heat conduction in semi-infinite solids

• Transient heat conduction in multidimensional
systems
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Objectives

• To assess when the spatial variation of temperature is
negligible, and temperature varies nearly uniformly with time,
making the simplified lumped system analysis applicable,

• To obtain analytical solutions for transient 1-D conduction
problems in rectangular, cylindrical, and spherical geometries
using the method of separation of variables, and understand
why a one-term solution is usually a reasonable approximation,

• To solve the transient conduction problem in large mediums
using the similarity variable, and predict the variation of
temperature with time and distance from the exposed
surface, and

• To construct solutions for multi-dimensional transient
conduction problems using the product solution approach.
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Lumped System Analysis

• In heat transfer analysis, some bodies are essentially isothermal and can 
be treated as a “lump” system. 

• That is, T = T (t)
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b is a positive 
quantity (so-called 
the time constant).
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Observations

• Equation 4–4 enables us to
determine the temperature T(t) of
a body at time t, or alternatively,
the time t required for the
temperature to reach a specified
value T(t).

• The temperature of a body
approaches the ambient
temperature T exponentially.

• The temperature of the body
changes rapidly at the beginning,
but rather slowly later on.

• A large value of b indicates that
the body approaches the ambient
temperature in a short time.
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Calculation 
of heat 
transfer
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 Lumped system analysis is 
applicable if  Bi < 0.1.
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Transient Heat Conduction in Large Plane 
Walls, Long Cylinders, and Spheres

• In many transient heat transfer problems the Biot number is larger than
0.1, and lumped system can not be assumed.

• In these cases the temperature within the body changes appreciably
from point to point as well as with time.

• It is constructive to first consider the variation of temperature with
time and position in one-dimensional problems of rudimentary
configurations such as a large plane wall, a long cylinder,

and a sphere.
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A large Plane Wall
• A plane wall of thickness

2L.

• Initially at a uniform
temperature of Ti.

• At time t=0, the wall is
immersed in a fluid at
temperature T∞.

• Constant heat transfer
coefficient h.

• The height and the width
of the wall are large
relative to its thickness
one-dimensional
approximation is valid.

• Constant thermophysical
properties.

• No heat generation.

• There is thermal
symmetry about the
midplane passing through
x=0.
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The Heat Conduction Equation

• One-dimensional transient heat 
conduction equation problem (0≤ x ≤ L):

2

2

1T T

x t

 


 

Differential equation:

 

 
 

0,
0

,
,

T t

x

T L t
k h T L t T

x





 


      

Boundary conditions:

 ,0 iT x T

Initial condition:
The dimensionless time
Fourier number (Fo),  = αt/L2

Biot number Bi = hL/k
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Summary of the Solutions for One-
Dimensional Transient Conduction
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Approximate Analytical and Graphical Solutions

• For  >0.2, keeping the first term and neglecting all the remaining terms in 
the series results in an error under 2%.Thus for  >0.2 the one-term 
approximation can be used.
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Heisler Charts

• The solution of the transient temperature for a large plane wall, 
long cylinder, and sphere are also presented in graphical form for
 > 0.2, known as the transient temperature charts (also known as 
the Heisler Charts).

• There are three charts associated with each geometry: 

– the temperature T0 at the center of the geometry at a given 
time t.

– the temperature at other locations at the same time in terms 
of T0.

– the total amount of heat transfer up to the time t.
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Heisler Charts – Plane Wall

Midplane temperature



18

Temperature

distribution

Heat Transfer

Heisler Charts – Plane Wall
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• The maximum amount of heat that a body can gain (or lose) is

• The amount of heat transfer Q at a finite time t is can be 
expressed as

Heat Transfer
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The Heisler Charts 
can only be used 
when:

• the body is 
initially at a 
uniform 
temperature,

• the temperature
of the medium 
surrounding the 
body is constant 
and uniform.

• the convection 
heat transfer 
coefficient is 
constant and 
uniform, and 
there is no heat 
generation in the 
body.
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Transient Heat Conduction in Semi-Infinite 
Solids

• A semi-infinite solid is an idealized 

body that has a single plane surface 

and extends to infinity in all 

directions.

• Assumptions:

– constant thermophysical 
properties

– no internal heat generation

– uniform thermal conditions on its 
exposed surface

– initially a uniform temperature 
of Ti throughout.

• Heat transfer in this case occurs 
only in the direction normal to the 
surface (the  x direction)

one-dimensional problem.
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Contact of Two Semi-Infinite Solids

Therefore, the interface 
temperature of two bodies brought 
into contact is dominated by the 
body with the larger kcp. 

This also explains why a metal at 
room temperature feels colder than 
wood at the same temperature.
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Transient Heat Conduction in Multidimensional 
Systems

• Using a superposition approach called the 
product solution, the one-dimensional heat 
conduction solutions can also be used to 
construct solutions for some two-
dimensional (and even three-dimensional)
transient heat conduction problems. 

• Provided that all surfaces of the solid are 
subjected to convection to the same fluid at 
temperature, the same heat transfer 
coefficient h, and the body involves no heat 
generation.
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Example ─ short cylinder

• Height a and radius ro.

• Initially uniform temperature
Ti.

• No heat generation

• At time t = 0:

– convection T∞

– heat transfer coefficient h

• The solution:

     

Short plane infinite
Cylinder wall cylinder

, , , ,
 X 

i i i

T r x t T T x t T T r t T

T T T T T T

  

  

       
     

       

(4–50)
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• The solution can be generalized as follows: the solution for a 
multidimensional geometry is the product of the solutions of the 
one-dimensional geometries whose intersection is the 
multidimensional body.

• For convenience, the one-dimensional solutions are denoted by
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Total Transient Heat Transfer

• The transient heat transfer for a two dimensional geometry formed by 
the intersection of two one-dimensional geometries 1 and 2 is:

• Transient heat transfer for a three-dimensional (intersection of three 
one-dimensional bodies 1, 2, and 3) is:

max max max max, 2 1 2 1

1-

total D

Q Q Q Q

Q Q Q Q

        
          

         

max max max max, 3 1 2 1

max max max3 1 2

1-

                      1- 1-

total D

Q Q Q Q

Q Q Q Q

Q Q Q

Q Q Q

        
          

         

        
         

           



37

This hot dog can physically be 
formed by the intersection of 
an infinite plane wall of 
thickness 2L = 12 cm, and a long 
cylinder of radius ro = D/2 = 1 
cm. 
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Conclusions

Lumped system analysis

Transient heat conduction in 

• large plane walls 

• long cylinders

• spheres

Transient heat conduction in semi-infinite solids

Transient heat conduction in multidimensional systems
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Numerical Methods in Heat Transfer
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Objectives

• To understand the limitations of analytical solutions of conduction
problems, and the need for computation-intensive numerical
methods,

• To express derivates as differences, and obtain finite difference
formulations,

• To solve steady one- or two-dimensional conduction problems
numerically using the finite difference method, and

• To solve transient one- or two-dimensional conduction problems
using the finite difference method.
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Why Numerical Methods?

 Key Reasons:
1. Limitations ─ Analytical solution methods are limited to 

highly simplified problems in simple geometries.
2. Better Modeling ─ An “approximate” solution is usually 

more accurate than the “exact” solution of a crude 
mathematical model. 

3. Flexibility ─ Engineering problems often require 
extensive parametric studies. 

4. Complications ─ Analytical solutions for complex 
geometries and problems are not available. 

5. Human Nature
– Diminishing use of human brain power with expectation for 

powerful results.
– Impressive presentation-style colorful output in graphical 

and tabular form.

Several ways for obtaining the numerical formulation of a heat conduction 
problem:
• the finite difference method,
• the finite element method,
• the boundary element method, and
• the energy balance (or control volume) method.
Each method has its own advantages and disadvantages!!! And each is used in 
practice.
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Finite Difference Formulation of Differential 
Equations

• The numerical methods for solving differential equations are 
based on replacing the differential equations by algebraic 
equations.

• For finite difference method, this is done by replacing the 
derivatives by differences.

• A function f that depends on x.

• The first derivative of f(x) at a point

is equivalent to the slope of a line 

tangent to the curve at that point

     
0 0

lim lim
x x

df x f x x f xf

dx x x   

 
 

 
(5-5)
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• If we don’t take the indicated limit, we will have the following 
approximate relation for the derivative:

• The equation above can also be obtained by writing the Taylor series
expansion of the function f about the point x,

and neglecting all the terms except the first two. 
• The first term neglected is proportional to x2, and thus the error 

involved in each step is also proportional to  x2.
• However, the commutative error involved after M steps in the direction 

of length L is proportional to x since Mx2=(L/x)x2=Lx.

     df x f x x f x

dx x

 




(5-6)

   
   2

2

2

1

2

df x d f x
f x x f x x x

dx dx
        (5-7)

Error = Lx
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One-Dimensional Steady Heat Conduction 

• Steady one-dimensional heat 

conduction in a plane wall of 

thickness L with heat generation.

• The wall is subdivided into M

sections of equal thickness x=L/M. 

• M+1 points 0, 1, 2, . . . , m-1, m, m+1, . . . , M

called nodes or nodal points. 

• The x-coordinate of any point m is xmmx.

• The temperature at that point is simply 

T(xm)=Tm.

 Green: internal nodal points

 Red: boundary nodal points
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• Using Eq. 5–6

• Noting that the second derivative is simply the derivative of the first 

derivative:

1 1

1 1

2 2

     ;     m m m m

m m

T T T TdT dT

dx x dx x

 

 

 
 

 
(5-8)

1 1
1 12

2 2

2

1 1

2

2
                                        

m m m m

m m

m

m m m

dT dT
T T T T

dx dxd T x x

dx x x

T T T

x

 

 

 

  


  
 

 


 (5-9)
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2

1 1

2 2

2m m m

m

T T Td T

dx x

  



(5-9)

The governing equation for steady one-dimensional heat transfer in a plane wall 

with heat generation and constant thermal conductivity

2

2
0

d T e

dx k
 

(5-10)

1 1

2

2
=0,  1,2,3, 1m m m mT T T e

m M
x k

  
  



(5-11)

-The equation is applicable to each of the M-1 interior nodes

M-1 equations for the determination of temperatures. 

- The two additional equations needed to solve for the M+1 unknown nodal 

temperatures are obtained by applying the energy balance on the two elements at 

the boundaries. 
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Boundary Conditions

• A boundary node does not have a neighboring node on at least one side. 

• We need to obtain the finite difference equations of boundary nodes 

separately in most cases (specified temperature boundary conditions is an 

exception).

• Energy balance on the volume elements of boundary nodes is applied. 

• Boundary conditions frequently encountered are:

1. specified temperature,

2. specified heat flux,

3. convection, and 

4. radiation boundary conditions.



10

Boundary Conditions for Steady One-Dimensional 
Heat Conduction in a Plane Wall

• Node number

– at the left surface (x=0): is 0,

– at the right surface at (x=L): is M

• The width of the volume element: x/2.

1. Specified temperature boundary 
conditions

• T(0)=T0=Specified value

• T(L)=TM=Specified value

• No need to write an energy balance unless 

the rate of heat transfer into or out of the 

medium is to be determined. 
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• An energy balance on the volume 

element at that boundary:

• The finite difference formulation at the node m=0 can be expressed as:

• The finite difference form of various boundary conditions can be obtained by 

replacing by a suitable expression.

,

 

0gen element

All sides

Q E  (5-20)

 1 0
 0 / 2 0left surface

T T
Q kA e A x

x


   


(5-21)

 left surfaceQ
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2. Specified Heat Flux Boundary Condition

3. Convection Boundary Condition

4. Radiation Boundary Condition

5. Combined Convection and Radiation

 1 0
0 0 / 2 0

T T
q A kA e A x

x


   


(5-22)

   1 0
0 0 / 2 0

T T
hA T T kA e A x

x



    


(5-24)

   4 4 1 0
0 0 / 2 0surr

T T
A T T kA e A x

x



    


(5-25)

   4 4 1 0
0 0 0( ) / 2 0surr

T T
hA T T A T T kA e A x

x



      


(5-26)
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The Mirror Image Concept

• The finite difference formulation of a node on an 
insulated boundary can be treated as “zero” heat 
flux is  Eq. 5–23.

• Another and more practical way is to treat the node 
on an insulated boundary as an interior node. 

• By replacing the insulation on the boundary by a 
mirror and considering the reflection of the 
medium as its extension

• Using Eq. 5.11: 

1 1

2

1 0 1

2

2
0

2
                 0

m m m m

m

T T T e

x k

T T T e

x k

  
 



 
  


(5-30)
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Finite Differences Solution

• Usually a system of N algebraic equations in N unknown nodal temperatures that 

need to be solved simultaneously.

• There are numerous systematic approaches available which are broadly classified as 

– direct methods

• Solve in a systematic manner following a series of well-defined steps

– iterative methods

• Start with an initial guess for the solution,

• and iterate until solution converges

• The direct methods usually require a large amount of computer memory and 

computation time.

• The computer memory requirements for iterative methods are minimal.

• However, the convergence of iterative methods to the desired solution, however, 

may pose a problem.
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Problem 1:



16
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Two-Dimensional Steady Heat Conduction 

• The x-y plane of the region is divided into a 
rectangular mesh of nodal points spaced x and y. 

• Numbering scheme: double subscript 

notation (m, n) where m=0, 1, 2, . . . , M is the node 
count in the x-direction and n=0, 1, 2, . . . , N is the 
node count in the y-direction.

• The coordinates of the node (m, n) are simply x=mx
and y=ny, and the temperature at the node (m, n) is 
denoted by Tm,n.

• A total of (M+1)(N+1) nodes.
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• The finite difference formulation given by Eq.  5-9 can easily be extended to 

two- or three-dimensional heat transfer problems by replacing each second 

derivative by a difference equation in that direction. 

• For steady two-dimensional heat conduction with heat generation and 

constant thermal conductivity

for m=1, 2, 3, . . . , M-1 and n=1, 2, 3, . . . , N-1.

• For x=y=l, Eq. 5-33 reduces to 

1, , 1, , 1 , , 1

2 2

,

2 2

0

m n m n m n m n m n m n

m n

T T T T T T

x y

e

k

      


 

  (5-33)

2

,

1, 1, , 1 , 1 ,4 0
m n

m n m n m n m n m n

e l
T T T T T

k
         (5-34)
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Boundary Nodes

• The development of finite difference 

formulation of boundary nodes in two- (or 

three-) dimensional problems is similar to 

the development in the one-dimensional 

case discussed earlier.

• For heat transfer under steady conditions, 

the basic equation to keep in mind when 

writing an energy balance on a volume 

element is

 

0element

All sides

Q eV  (5-36)
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Transient Heat Conduction

• The finite difference solution of transient 
problems requires discretization in time in 
addition to discretization in space.

• the unknown nodal temperatures are 
calculated repeatedly for each t until the 

solution at the desired time is obtained.

• In transient problems, the superscript i is 
used as the index or counter of time steps.

• i=0 corresponding to the specified initial 
condition.
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• The energy balance on a volume element during a time interval t can be 

expressed as

• or

• Noting that Eelement= mcpT=rVelementcpT, and dividing the earlier 

relation by t gives

• or, for any node m in the medium and its volume element,

Heat transferred into

the volume element

from all of its surfaces

during t

Heat generated

within the

volume element

during t

The change in the

energy content of

the volume element

during t

=+

,

 

gen element element

All sides

t Q t E E       (5-37)

,

 

element
gen element element p

All sides

E T
Q E V c

t t
r

 
  

 
 (5-38)

1

,

 

i i

m m
gen element element p

All sides

T T
Q E V c

t
r

 
 


 (5-39)



22

Explicit and Implicit Method
• Explicit method ─ the known temperatures at the previous time step i is 

used for the terms on the left side of Eq. 5–39.

,

1

 
gen element

i i
i i m m

element p

All sides

T T
Q E V c

t
r

 
 


 (5-40)

,

1
1 1

 
gen element

i i
i i m m

element p

All sides

T T
Q E V c

t
r


  
 


 (5-41)

• Implicit method ─ the new time step i+1is used for the terms on the left side 

of Eq. 5–39.

Remarks:

• The explicit method is easy to implement but imposes a limit on the allowable 

time step to avoid instabilities in the solution.

• The implicit method requires the nodal temperatures to be solved 

simultaneously for each time step but imposes no limit on the magnitude of 

the time step.
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Transient Heat Conduction in a Plane Wall

• From Eq. 5–39 the interior node can be expressed on the basis of

• Canceling the surface area A and multiplying by x/k

1

1 1

i i

m m m m m m
m p

T T T T T T
kA kA e A x A xc

x x t
r



   
    

  
(5-42)

 
2 2

1

1 12 i im
m m m m m

e x x
T T T T T

k t



 

 
    


(5-43)
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• Defining a dimensionless mesh Fourier number as

• Eq. 5–43 reduces to

• The explicit finite difference formulation

• This equation can be solved explicitly for the new temperature (and thus the 

name explicit method)

2

t

x








(5-44)

 12

1 12

i i

m mm
m m m

T Te x
T T T

k 



 


   

(5-45)

 
1 1

12

2 m

m m m

i ii
m mi i i

T Te x
T T T

k  

 
   

(5-46)

   
1 1

2

1 1 2 m

m m m

i

i i i i

m

e x
T T T T

k
  

 




    
(5-47)
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• The implicit finite difference formulation

• which can be rearranged as

• The application of either the explicit or the implicit formulation to each of 
the M-1 interior nodes gives M-1 equations.

• The remaining two equations are obtained by applying the same method to 
the two boundary nodes unless, of course, the boundary temperatures are 
specified as constants (invariant with time).

 
1 1

11 2

1 1 12 m

m m m

i ii
m mi i i

T Te x
T T T

k  



  


   
(5-48)

 
1 2

1 1 1

1 11 2 0m

m m

i

i i i i

m m

e x
T T T T

k
   



  

 


      (5-49)
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Stability Criterion for Explicit Method

• The explicit method is easy to use, but it suffers from an undesirable feature: it 

is not unconditionally stable.

• The value of t must be maintained below a certain upper limit.

• It can be shown mathematically or by a physical argument based on the 

second law of thermodynamics that the stability criterion is satisfied if the 

coefficients of all in 

the expressions (called the primary 

coefficients) are greater than or 

equal to zero for all nodes m.

• All the terms involving for a 

particular node must be grouped 

together before this criterion is 

applied.
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• Different equations for different nodes may result in different restrictions on 

the size of the time step t, and the criterion that is most restrictive should be 

used in the solution of the problem.

• In the case of transient one-dimensional heat conduction in a plane wall with 

specified surface temperatures, the explicit finite difference equations for all 

the nodes are obtained from Eq. 5–47. The coefficient of in the expression is 

1-2.

• The stability criterion for all nodes in this case is 1-20 or

• The implicit method is unconditionally stable, and thus we can use any time 

step we please with that method

2

1

2

t

x





 


interior nodes, one-dimensional heat

transfer in rectangular coordinates
(5-52)
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Problem 2:
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Two-Dimensional Transient Heat Conduction

• Heat may be generated in the medium at a rate

which may vary with time and position.

• The thermal conductivity k of the medium is assumed to be constant.

• The transient finite difference formulation for a general interior node can be 

expressed on the basis of Eq. 5–39 as

 , ,e x y t

1, , , 1 , 1, ,

1

, 1 , , ,

,

m n m n m n m n m n m n

i i

m n m n m n m n

m n p

T T T T T T
k y k x k y

x y x

T T T T
k x e x y x yc

y t
r

  





  
    

  

 
       

 

(5-56)
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• Taking a square mesh (x=y=l) and dividing each term by k gives after 

simplifying

• The explicit finite difference formulation

• The implicit finite difference formulation

2 1

, , ,

1, 1, , 1 , 1 ,4

i i

m n m n m n

m n m n m n m n m n

e l T T
T T T T T

k 



   


      (5-57)

,

1, 1, , 1 , 1 ,

2 1

, ,
4 m n

m n m n m n m n m n

i i i

m n m ni i i i i
e l T T

T T T T T
k    

 
      (5-59)

    ,

1, 1, , 1 , 1 ,

2

1

, 1 4 m n

m n m n m n m n m n

i

i i i i i i

m n

e l
T T T T T T

k
  

   

        (5-60)
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• The stability criterion that requires the coefficient of in the expression to be 
greater than or equal to zero for all nodes is equally valid for two or three-
dimensional cases.

• In the case of transient two-dimensional heat transfer in rectangular 
coordinates, the coefficient of Tm

i in the Tm
i+1 expression is 1-4.

• Thus the stability criterion for all interior nodes in this case is 1-4>0, or

• The application of Eq. 5–60 to each of the (M-1)X(N-1) interior nodes gives 
(M-1)X(N-1) equations. 

• The remaining equations are obtained by applying the method to the boundary 
nodes (unless the boundary temperatures are specified as being constant).

2

1

4

t

l





  interior nodes, two-dimensional heat

transfer in rectangular coordinates
(5-61)
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Conclusions

• Importance of numerical methods

• Finite difference formulation of differential equations

• One-dimensional steady heat conduction

• Two-dimensional steady heat conduction

• Transient heat conduction



1

HEAT AND MASS TRANSFER

Fundamentals of Convection



2

OUTLINE

 Physical Mechanism of Convection
 Nusselt Number
 Classification of Fluid Flows
 Velocity Boundary Layer
 Surface Shear Stress
 Thermal Boundary Layer
 Prandtl Number
 Laminar and Turbulent Flows
 Reynolds Number
 Solutions of Convection Equations
 Conclusions 



3

PHYSICAL MECHANISM OF CONVECTION
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The rate of convection heat transfer is observed to be proportional to 
the temperature difference and is conveniently expressed by Newton’s 
law of cooling as

The convection heat transfer strongly 
depends on the fluid properties dynamic 
viscosity μ, thermal conductivity k, 
density ρ, and specific heat Cp, as well as 
the fluid velocity  V .

: the temperature gradient 
at the surface

or
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Nusselt Number (Nu)

The Nusselt number (Nu):

k  : the thermal conductivity of the fluid 
Lc : the characteristic length.

Heat flux (the rate of heat transfer per 
unit time per unit surface): 

and

A Nusselt number of Nu = 1 for a fluid layer represents heat
transfer across the layer by pure conduction.



7

Classification of Fluid Flows

 Viscous versus inviscid regions of flow

 Internal versus external flow

 Compressible versus incompressible flow

 Laminar versus turbulent flow

 Natural (or unforced) versus forced flow

 Steady versus unsteady flow

 One-, two-, and three-dimensional flows
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Velocity Boundary Layer

The region of the flow above the plate bounded by  is called 
the velocity boundary layer.
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Surface Shear Stress

 Friction force per unit area is called shear 
stress, and is denoted by t.

 The shear stress for most fluids is proportional to 
the velocity gradient.

 The shear stress at the wall surface for these 
fluids is expressed as

 The fluids that that obey the linear relationship 
above are called Newtonian fluids.

 The viscosity of a fluid is a measure of its 
resistance to deformation.

 The viscosities of liquids decrease with 
temperature, whereas the viscosities of gases 
increase with temperature.

 Surface shear stress and friction force:
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THERMAL BOUNDARY LAYER
Thermal Boundary Layer: the flow region over the surface in which 
the temperature variation in the direction normal to the surface is 
significant.

The thickness of the thermal
boundary layer δt at any location
along the surface is defined as the
distance from the surface at which
the temperature difference T - Ts

equals 0.99 (T - Ts).

The thickness of the thermal
boundary layer increases in the flow
direction, since the effects of heat
transfer are felt at greater
distances from the surface further
downstream.
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Prandtl Number (Pr) 

The Prandtl numbers of fluids range from less than 0.01 for liquid 
metals to more than 100,000 for heavy oils (Table 6–2). The Prandtl 
number is in the order of 10 for water.



14

Laminar and Turbulent Flows

 Laminar flow ─ the 
flow is characterized 
by smooth 
streamlines and 
highly-ordered 
motion.

 Turbulent flow ─ the 
flow is 

characterized by 
velocity 

fluctuations and 

highly-disordered 
motion.

 The transition from 
laminar to turbulent
flow does not occur 
suddenly.
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 The velocity profile in turbulent flow is much fuller than that in laminar 
flow, with a sharp drop near the surface.

 The turbulent boundary layer can be considered to consist of four 
regions:

 Viscous sublayer

 Buffer layer

 Overlap layer

 Turbulent layer

 The intense mixing in turbulent flow enhances heat and momentum 
transfer, which increases the friction force on the surface and the 
convection heat transfer rate.
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Reynolds Number

 The transition from laminar to turbulent flow depends on the 
surface geometry, surface roughness, flow velocity, surface 
temperature, and type of fluid.

 The flow regime depends mainly on the ratio of the inertia forces 
to viscous forces in the fluid.

 This ratio is called the Reynolds number, which is expressed for 
external flow as

 At large Reynolds numbers (turbulent flow) the inertia forces are 
large relative to the viscous forces.

 At small or moderate Reynolds numbers (laminar flow), the viscous 
forces are large enough to suppress these fluctuations and to 
keep the fluid “inline.”

 Critical Reynolds number ─ the Reynolds number at which the 
flow becomes turbulent.



17

Some important results from convection equations

The velocity boundary layer thickness

The average local skin friction coefficient

The thermal boundary layer thickness

Local Nusselt number

Reynold analogy

Modified Reynold analogy
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OBJECTIVES
 To distinguish between internal and external flow,

 To develop an intuitive understanding of friction drag and
pressure drag, and evaluate the average drag and convection
coefficients in external flow,

 To evaluate the drag and heat transfer associated with flow
over a flat plate for both laminar and turbulent flow,

 To calculate the drag force exerted on cylinders during cross
flow, and the average heat transfer coefficient, and

 To determine the pressure drop and the average heat transfer
coefficient associated with flow across a tube bank for both in-
line and staggered configurations.
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Drag and Heat Transfer in External flow
 Fluid flow over solid bodies

cause physical phenomena such
as
 drag force

 automobiles
 power lines

 lift force
 airplane wings

 cooling of metal or plastic
sheets.

 Free-stream velocity ─ the
velocity of the fluid relative to
an immersed solid body
sufficiently far from the body.

 The fluid velocity ranges from
zero at the surface (the no-slip
condition) to the free-stream
value away from the surface.
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Friction and Pressure Drag

 The force a flowing fluid exerts on a
body in the flow direction is called
drag.

 Drag is compose of:
 pressure drag,
 friction drag (skin friction drag).

 The drag force FD depends on the
 density  of the fluid,
 the upstream velocity V, and
 the size, shape, and orientation of

the body.
 The dimensionless drag coefficient CD

is defined as

For flat plate:
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 At low Reynolds numbers, most
drag is due to friction drag.

 The friction drag is also
proportional to the surface area.

 The pressure drag is
proportional to the frontal area
and to the difference between
the pressures acting on the
front and back of the immersed
body.

 The pressure drag is usually
dominant for blunt bodies and
negligible for streamlined
bodies.

 When a fluid separates from a
body, it forms a separated
region between the body and the
fluid stream.

 The larger the separated region,
the larger the pressure drag.
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Local and average Nusselt 
numbers:

Average Nusselt number:

Film temperature:

Average friction 
coefficient:

Average heat transfer 
coefficient:

The heat transfer rate:

Heat Transfer
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PARALLEL FLOW OVER FLAT PLATES

The Re number at a distance x from the 
leading edge of a flat plate is 
expressed as

For flow over a flat plate, transition
from laminar to turbulent usually
occurs at

The value of the critical Reynolds number for a flat plate may vary
from 105 to 3x106, depending on the surface roughness and the
turbulence level of the free stream
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Friction Coefficient
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The local Nusselt number at a location x for laminar 
flow over a flat plate:

The corresponding relation for turbulent flow:

The average Nusselt number over the entire 
plate:

The average heat transfer coefficient over the entire plate:

Heat Transfer Coefficient
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The average Nusselt number over the entire plate:

Liquid metals (e.g., mercury) have high
thermal conductivities and are commonly
used in applications that require high heat
transfer rates.

Churchill and Ozoe proposed the following
relation which is applicable for all Pr
numbers:
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Flat Plate with Unheated Starting Length
The local Nusselt numbers for both laminar and turbulent flows are:

for
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Uniform Heat Flux
When a flat plate is subjected to uniform heat flux instead of
uniform temperature, the local Nu number is

When heat flux   is prescribed, the rate of heat transfer to or from 
the plate and the surface temperature at a distance x are determined 
from

As : heat transfer surface area.

and
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 Flow across cylinders and spheres is 
frequently encountered in many heat 
transfer systems
 shell-and-tube heat exchanger,
 pin fin heat sinks for electronic 

cooling.
 The characteristic length for a 

circular cylinder or sphere is taken to 
be the external diameter D.

 The critical Re number for flow 
across a circular cylinder or sphere is 
about 

Recr= 2x105

 Cross-flow over a cylinder exhibits 
complex flow patterns depending on 
the Re number.

FLOW ACROSS CYLINDERS AND SPHERES
 At very low velocities (Re≤1), the fluid 

completely wraps around the cylinder.

 At higher velocities the boundary layer 
detaches from the surface, forming a 
separation region behind the cylinder.

 Flow in the wake region is characterized 
by periodic vortex formation and low 
pressures.

 The nature of the flow across a cylinder 
or sphere strongly affects the total CD.

 At low Re numbers (Re<10), friction drag 
dominates.

 At high Re numbers (Re>5000), pressure 
drag dominate.

 At intermediate Re numbers ─ both 
pressure and friction drags dominate.
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Average CD for circular cylinder and sphere:

 Re≤1 ─ creeping flow

 Re≈10 ─ separation starts

 Re≈90 ─ vortex shedding starts.

 103<Re<105

 in the boundary layer flow is laminar

 in the separated region flow is highly 
turbulent

 105<Re<106 ─ turbulent flow
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Effect of Surface Roughness:
 Surface roughness increases the drag

coefficient in turbulent flow, especially for
streamlined bodies.

 For blunt bodies (e.g., a circular cylinder or
sphere), an increase in the surface roughness
may actually decrease the drag coefficient.

 This is done by tripping the boundary layer into
turbulence at a lower Re number, causing the
fluid to close in behind the body, narrowing the
wake and reducing pressure drag considerably.
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Heat Transfer Coefficient
 Flows across cylinders and spheres involve flow 

separation, which is difficult to handle analytically.
 The local Nusselt number Nuq around the periphery

of a cylinder subjected to cross flow varies
considerably.

Small q ─ Nuq decreases with increasing q as a result 
of the thickening of the laminar boundary layer.

80º<q <90º ─ Nuq reaches a minimum 
 low Re numbers ─ due to separation in laminar 

flow
 high Re numbers ─ transition to turbulent flow.

q >90º laminar flow ─ Nuq increases with increasing
q due to intense mixing in the separation zone.

90º<q <140º turbulent flow ─ Nuq decreases due to 
the thickening of the boundary layer.

q ≈140º turbulent flow ─ Nuq reaches a second 
minimum due to flow separation point in turbulent 
flow.
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The average Nu for cross-flow over a cylinder (by Churchill and
Bernstein):

The fluid properties are evaluated at the film temperature:

for

For flow over a sphere, the Whitaker correlation:

for and

The average Nu for flow across cylinders:

n = 1/3, C and m: the experimentally determined constants (From Table 7.1)

The fluid properties are 
evaluated at the free 
stream temperature T∞

except for s
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The Churchill and Bernstein
equation is more accurate, and thus 
should be preferred in calculations 
whenever possible.
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FLOW ACROSS TUBE BANKS
 Cross-flow over tube banks is commonly encountered in

practice in heat transfer equipment, e.g., heat
exchangers.

 In such equipment, one fluid moves through the tubes
while the other moves over the tubes in a perpendicular
direction.

 Flow through the tubes can be analyzed by considering
flow through a single tube, and multiplying the results
by the number of tubes.

 For flow over the tubes the tubes affect the flow
pattern and turbulence level downstream, and thus heat
transfer to or from them are altered.
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 Typical arrangement
 in-line
 staggered

 The outer tube diameter D is the characteristic 
length.

 The arrangement of the tubes are characterized by 
the 
 transverse pitch ST, 
 longitudinal pitch SL , and the
 diagonal pitch SD between tube centers.

StaggeredIn-line
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 The diagonal pitch:

 Re number based on max. velocity:

 Max. velocity (in-line):

 Max. velocity (staggered):

 Nusselt number (Table 7-2):

 Average temperature of inlet and 
exit (for property evaluation):

 Nusselt number (< 16 rows):

 Log mean temp. dif.

 Exit temperature:

 Heat transfer rate:
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Pressure drop:

 f  is the friction 
factor and c is the 
correction factor.

 The correction factor 
c given is used to 
account for the 
effects of deviation 
from square 
arrangement (in-line) 
and from equilateral 
arrangement 
(staggered).
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Concluding Points

 Drag and Heat Transfer in External Flow

 Parallel Flow over Flat Plates

 Flow across Cylinders and Spheres

 Flow across Tube Banks
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HEAT AND MASS TRANSFER

Internal Forced Convection
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OUTLINE

 Introduction

 Average velocity and temperature

 The entrance region

 General Thermal Analysis

 Laminar Flow in Tubes

 Turbulent Flow in Tubes
 Conclusions 
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Introduction

 Pipe ─ circular cross section.

 Duct ─ noncircular cross 
section.

 Tubes ─ small-diameter pipes.

 The fluid velocity changes 
from zero at the surface (no-
slip) to a maximum at the pipe 
center.

 It is convenient to work with 
an average velocity, which 
remains constant in 
incompressible flow

when the cross-sectional area 

is constant.
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Average Velocity
 Average velocity from the 

conservation of mass principle

Average Temperature
 Average temperature from 

the conservation of energy
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Laminar and Turbulent Flow in Tubes

 For flow in a circular tube, the Reynolds 
number is defined as

 For flow through noncircular tubes D is 
replaced by the hydraulic diameter Dh.

 laminar flow: Re<2300 

 fully turbulent: Re>10,000.
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The Entrance Region
 Consider a fluid entering a circular pipe at a uniform velocity.
 Because of the no-slip condition a velocity gradient develops along 

the pipe.
 The flow in a pipe is divided into two regions: 

 the boundary layer region, and
 the and the irrotational (core) flow region.

 The thickness of this boundary layer increases in the flow 
direction until it reaches the pipe center. 

Irrotational

flow

Boundary 
layer
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 Hydrodynamic entrance region ─ the region from the pipe inlet 
to the point at which the boundary layer merges at the 
centerline.

 Hydrodynamically fully developed region ─ the region beyond 
the entrance region in which the velocity profile is fully developed 
and remains unchanged.

 The velocity profile in the fully developed region is
 parabolic in laminar flow, and 
 somewhat flatter or fuller in turbulent flow. 
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Thermal Entrance Region
The Thermal Entrance Region: the region of flow over which the
thermal boundary layer develops and reaches the tube center.
The Thermal Entry Length (Lt) : the length of the thermal entrance
region.

Fully Developed Flow: the region in which the flow is both
hydrodynamically and thermally developed and thus both the velocity
and dimensionless temperature profiles remain unchanged.

Both the friction and convection coefficients remain constant in the 
fully developed region of a tube.
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In laminar flow, the hydrodynamic and
thermal entry lengths are given
approximately

The hydrodynamic and thermal entry
lengths are taken to be:
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GENERAL THERMAL ANALYSIS
The conservation of energy equation for the steady flow of a fluid in
a tube is:

The surface heat flux is

hx : the local heat transfer coefficient
Ts : the surface temperature
Tm : the fluid temperature

Tm: average or mean temperature

The bulk mean temperature of a fluid with constant density and
specific heat flowing in a circular pipe of radius R:
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Constant Surface Heat Flux

The rate of heat transfer:

The mean fluid temperature at the tube exit:

The surface temperature in the case of 
constant surface heat flux:

In the fully developed region, the
surface temperature Ts will increase
linearly in the flow direction since h is
constant and thus Ts – Tm= constant.
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Constant Surface Temperature (Ts = constant)
From Newton’s law of cooling, the rate of heat transfer to or from 
a fluid flowing in a tube: 

h    : the average convection heat transfer coefficient
As    : the heat transfer surface area (it is equal to πDL

for a circular pipe of length L)
Tave : some appropriate average temperature difference 

between the fluid and the surface.

Tb = (Ti +Te)/2 (the bulk mean fluid temperature)

The energy balance on a differential control volume:

and

The logarithmic mean temperature difference:

The mean fluid temperature at the tube exit:
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Laminar Flow in Tubes
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Laminar Flow 
in Noncircular 
Tubes
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Turbulent Flow in Tubes
First Petukhov equation

Chilton-Colburn analogy

Colburn equation

Dittus-Boelter equation

Sieder and Tate

Second Petukhov equation

Gnielinski

Bulk mean fluid temperature
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Liquid metals

Rough surfaces

Colebrook equation

Haaland equation
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Heat Transfer Enhancement
Tubes with rough surfaces have much

higher heat transfer coefficients than
tubes with smooth surfaces.

Tube surfaces are often roughened,
corrugated, or finned in order to enhance
the convection heat transfer coefficient
and thus the convection heat transfer rate.
Heat transfer in turbulent flow in a tube
has been increased by as much as 400% by
roughening the surface.

Roughening the surface also increases
the friction factor and thus the power
requirement for the pump or the fan.

The convection heat transfer coefficient
can also be increased by inducing pulsating
flow by pulse generators, by inducing swirl
by inserting a twisted tape into the tube,
or by inducing secondary flows by coiling
the tube.
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Conclusions

 Average velocity and temperature

 The entrance region

 General Thermal Analysis

 Laminar Flow in Tubes

 Turbulent Flow in Tubes
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HEAT AND MASS TRANSFER

Natural  Convection
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OBJECTIVES
When you finish studying this chapter, you should be able 

to:
 Understand the physical mechanism of natural convection,

 Derive the governing equations of natural convection, and 
obtain the dimensionless Grashof number by 
nondimensionalizing them,

 Evaluate the Nusselt number for natural convection 
associated with vertical, horizontal, and inclined plates as 
well as cylinders and spheres,

 Examine natural convection from finned surfaces, and 
determine the optimum fin spacing,

 Analyze natural convection inside enclosures such as double-
pane windows, and

 Consider combined natural and forced convection, and assess 
the relative importance of each mode.
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PHYSICAL MECHANISM OF NATURAL CONVECTION

The magnitude of the buoyancy force
is equal to the weight of the fluid
displaced by the body.

Natural Convection Heat Transfer:  heat transfer as a result of this 
natural convection current.
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The volume expansion coefficient (β):

The buoyancy force is proportional to the density difference, which is
proportional to the temperature difference at constant pressure.

The larger the buoyancy force and the stronger the natural convection
currents, and thus the higher the heat transfer rate.

Whenever two bodies in contact (solid–solid, solid–fluid, or fluid–fluid)
move relative to each other, a friction force develops at the contact
surface in the direction opposite to that of the motion.
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The Grashof Number (Gr) 
An arbitrary reference velocity:

The Grashof number (GrL):

For vertical plates, the critical Gr is
observed to be about 109.

The flow regime on a vertical plate becomes
turbulent at Gr greater than 109.

Natural convection effects are negligible if

Free convection dominates and the forced convection effects are
negligible if

Both effects are significant and must be considered if                

showing the effect of NC
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NATURAL CONVECTION OVER SURFACES

The average Nusselt number  (Nu):

The Rayleigh number (RaL):

n= 1/4 for laminar flow & n=1/3 for turbulent flow
C < 1.

Vertical Plates (Ts = constant): Table 20.1

Vertical Plates :

Vertical Cylinders: 

Horizontal Plates:
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NATURAL CONVECTION FROM FINNED SURFACES AND PCBs

Natural Convection Cooling of Finned Surfaces

The Rayleigh number:

The average Nu for vertical isothermal parallel plates: 

The optimum fin spacing for a vertical heat sink:

PCBs: Printed circuit boards
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Natural Convection Cooling of Vertical PCBs 

The modified Rayleigh number for uniform heat flux 
on both plates:

The optimum fin spacing for the case of 
uniform heat flux on both plates:

The total rate of heat transfer from 
the plates:
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NATURAL CONVECTION INSIDE ENCLOSURES

The Rayleigh number:

Lc :  the characteristic length (the distance between  
the hot and cold surfaces)

T1 : the temperature of the hot surface  
T2 : the temperature of the cold surface 

The effective thermal conductivity of the enclosure:

For the special case of Nu=  1, the effective thermal 
conductivity of the enclosure becomes equal to the 
conductivity of the fluid.
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Horizontal Rectangular Enclosures

Inclined Rectangular Enclosures
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Vertical Rectangular Enclosures

For vertical enclosures with larger aspect ratios:

at

Concentric Cylinders

The effective thermal conductivity:

The geometric factor for concentric cylinders Fcyl:

For                   :
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Concentric Spheres

The recommended relation for effective 
thermal conductivity:

The geometric factor for concentric spheres (Fsph): 

For            :

Combined Natural Convection and Radiation

ε1 and ε2 are the emissivities of the plates, and effective is the
effective emissivity defined as:
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COMBINED NATURAL AND FORCED CONVECTION

In assisting flow, natural convection assists forced convection and enhances
heat transfer. Example: upward forced flow over a hot surface.

In opposing flow, natural convection resists forced convection and decreases
heat transfer. Example: upward forced flow over a cold surface.

In transverse flow, the buoyant motion is perpendicular to the forced
motion. Transverse flow enhances fluid mixing and thus enhances heat
transfer. Example: horizontal forced flow over a hot or cold cylinder or
sphere.

where Nuforced and Nunatural are
determined from the
correlations for pure forced
and pure natural convection,
respectively.
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Concluding Points:

 Physical Mechanism of Natural Convection?

 The Grashof Number (GrL)?

 The Rayleigh Number (RaL)?

 Natural Convection over Surfaces (Vertical Plates and  
Cylinders; Inclined Plates; Horizontal Plates, Cylinders and 
Spheres)?

 Natural Convection from Finned Surfaces  and PCBs?

 Natural Convection inside Enclosures (Horizontal, Inclined and 
Vertical  Rectangular; Concentric Cylinders and Spheres)?

 Effective Thermal Conductivity?

 Combined Natural and Forced Convection?
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HEAT AND MASS TRANSFER

Boiling and Condensation



2

Objectives
• Differentiate between evaporation and boiling, and 

gain familiarity with different types of boiling,
• Develop a good understanding of the boiling curve, and 

the different boiling regimes corresponding to 
different regions of the boiling curve,

• Calculate the heat flux and its critical value 
associated with nucleate boiling, and examine the 
methods of boiling heat transfer enhancement,

• Derive a relation for the heat transfer coefficient in 
laminar film condensation over a vertical plate,

• Calculate the heat flux associated with condensation 
on inclined and horizontal plates, vertical and 
horizontal cylinders or spheres, and tube bundles,

• Examine dropwise condensation and understand the 
uncertainties associated with them.
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Boiling Heat Transfer
• Evaporation occurs at the liquid–vapor 

interface when the vapor pressure is 
less than the saturation pressure of 
the liquid at a given temperature.

• Boiling occurs at the solid–liquid 
interface when a liquid is brought into 
contact with a surface maintained at a 
temperature sufficiently above the 
saturation temperature of the liquid.
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Classification of boiling

• Boiling is called pool boiling
in the absence of bulk fluid 
flow.

• Any motion of the fluid is 
due to natural convection 
currents and the motion of 
the bubbles under the 
influence of buoyancy.

• Boiling is called flow boiling
in the presence of bulk fluid 
flow.

• In flow boiling, the fluid is 
forced to move in a heated 
pipe or over a surface by 
external means such as a 
pump.
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Subcooled Boiling
• When the 

temperature of 
the main body of 
the liquid is below 
the saturation 
temperature.

Saturated Boiling
• When the 

temperature of 
the liquid is equal 
to  the saturation 
temperature.
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Pool Boiling

Boiling takes different forms, 

depending on the DTexcess=Ts-

Tsat
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Pool Boiling
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Natural Convection (to Point A on the 
Boiling Curve)

• Bubbles do not form on the heating surface 
until the liquid is heated a few degrees above 
the saturation temperature (about 2 to 6°C 
for water)

the liquid is slightly superheated in 
this case (metastable state).

• The fluid motion in this mode of boiling is 
governed by natural convection currents.

• Heat transfer from the heating surface to 
the fluid is by natural convection.
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Nucleate Boiling
• The bubbles form 

at an increasing 
rate at an 
increasing number 
of nucleation sites 
as we move along 
the boiling curve 
toward point C.

• Region A–B
─isolated bubbles.  

• Region B–C ─ 
numerous 
continuous 
columns of vapor 
in the liquid.
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Nucleate Boiling

• In region A–B the stirring and agitation caused by the 
entrainment of the liquid to the heater surface is 
primarily responsible for the increased heat transfer 
coefficient.

• In region A–B the large heat fluxes obtainable in this 
region are caused by the combined effect of liquid 
entrainment and evaporation.

• After point B the heat flux increases at a lower rate 
with increasing DTexcess, and reaches a maximum at 
point C. 

• The heat flux at this point is called the critical (or
maximum) heat flux, and is of prime engineering 
importance. 
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Transition Boiling

• When DTexcess is 
increased past point 
C, the heat flux 
decreases.

• This is because a 
large fraction of the 
heater surface is 
covered by a vapor 
film, which acts as 
an insulation. 

• In the transition 
boiling regime, both 
nucleate and film 
boiling partially 
occur.
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Film Boiling
• Beyond Point D the heater 

surface is completely 
covered by a continuous 
stable vapor film.

• Point D, where the heat 
flux reaches a minimum is 
called the Leidenfrost 
point.

• The presence of a vapor 
film between the heater 
surface and the liquid is 
responsible for the low 
heat transfer rates in the 
film boiling region. 

• The heat transfer rate 
increases with increasing 
excess temperature due 
to radiation to the liquid. 
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Burnout Phenomenon

• A typical boiling process 
does not follow the boiling 
curve beyond point C. 

• When the power applied to 
the heated surface 
exceeded the value at 
point C even slightly, the 
surface temperature 
increased suddenly to point 
E. 

• When the power is reduced 
gradually starting from 
point E the cooling curve 
follows Fig. 10–8 with a 
sudden drop in excess 
temperature when point D
is reached. 

C

D

E
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Heat Transfer Correlations in Pool Boiling

• Boiling regimes differ considerably in their character.

• Different heat transfer relations need to be used for different 
boiling regimes.

• In the natural convection boiling regime heat transfer rates can 
be accurately determined using natural convection relations.

• No general theoretical relations for heat transfer in the nucleate 
boiling regime is available. 

• Experimental based correlations are used.

• The rate of heat transfer strongly depends on the nature of 
nucleation and the type and the condition of the heated surface.
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• For nucleate boiling a widely used correlation 

proposed in 1952 by Rohsenow:
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Critical Heat Flux (CHF)
• The maximum (or critical) heat flux in nucleate pool 

boiling was determined theoretically by S. S. Kutateladze 
in Russia in 1948 and N. Zuber in the United States in 
1958 to be:

Ccr is a constant whose value depends on the heater 
geometry, but generally is about 0.15. 

• The CHF is independent of the fluid–heating surface 
combination, as well as the viscosity, thermal 
conductivity, and the specific heat of the liquid.

• The CHF increases with pressure up to about one-third 
of the critical pressure, and then starts to decrease and 
becomes zero at the critical pressure.

• The CHF is proportional to hfg, and large maximum heat 
fluxes can be obtained using fluids with a large enthalpy 
of vaporization, such as water.

 
1

2 4

max cr fg v l vq C h g      
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Minimum Heat Flux
• Minimum heat flux, which 

occurs at the Leidenfrost 
point, is of practical 
interest since it represents 
the lower limit for the heat 
flux in the film boiling 
regime.

• Zuber derived the following 
expression for the minimum 
heat flux for a large 
horizontal plate

• the relation above can be in 
error by 50% or more.
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Film Boiling

• At high surface temperatures 
(typically above 300°C), heat 
transfer across the vapor film 
by radiation becomes significant 
and needs to be considered.

   

 
 

1
43 0.4v v l v fg pv s sat

film film s sat

v s sat

gk h C T T
q C T T

D T T

  



       
  

The heat flux for film boiling on a horizontal cylinder or sphere of diameter 
D is given by
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Enhancement of Heat Transfer in Pool Boiling

• The rate of heat transfer
in the nucleate boiling 
regime strongly depends 
on the number of active 
nucleation sites on the 
surface, and the rate of 
bubble formation at each 
site.

• Therefore, modification 
that enhances nucleation
on the heating surface will 
also enhance heat transfer
in nucleate boiling.

• Irregularities on the 
heating surface, including 
roughness and dirt, serve 
as additional nucleation 
sites during boiling.

• The effect of surface 
roughness is observed to 
decay with time.
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• Surfaces that provide enhanced heat transfer in nucleate boiling 
permanently are being manufactured and are available in the 
market.

• Heat transfer can be enhanced by a factor of up to 10 during 
nucleate boiling, and the critical heat flux by a factor of 3.
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Flow Boiling

• In flow boiling, the fluid is 
forced to move by an external 
source such as a pump as it 
undergoes a phase-change 
process. 

• The boiling in this case 
exhibits the combined effects 
of convection and pool boiling.

• Flow boiling is classified as 
either external and internal
flow boiling. 

• External flow ─ the higher the 

velocity, the higher the 
nucleate boiling heat flux and 
the critical heat flux.
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Flow Boiling ─ Internal Flow

• The two-phase flow in a 
tube exhibits different flow 
boiling regimes, depending 
on the relative amounts of 
the liquid and the vapor 
phases.

• Typical flow regimes:

– Liquid single-phase flow,

– Bubbly flow,

– Slug flow,

– Annular flow,

– Mist flow,

– Vapor single-phase flow.
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Flow Boiling ─ Internal Flow
• Liquid single-phase flow

– In the inlet region the liquid is subcooled and heat transfer to 
the liquid is by forced convection (assuming no subcooled 
boiling).

• Bubbly flow
– Individual bubbles
– Low mass qualities

• Slug flow
– Bubbles coalesce into slugs of vapor.
– Moderate mass qualities

• Annular flow
– Core of the flow consists of vapor only, and liquid adjacent to 

the walls. 
– Very high heat transfer coefficients

• Mist flow
– a sharp decrease in the heat transfer coefficient

• Vapor single-phase flow
– The liquid phase is completely evaporated and vapor is 

superheated. 
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Film condensation
• The condensate wets the 

surface and forms a liquid 
film.

• The surface is blanketed by 
a liquid film which serves as a 
resistance to heat transfer.
Dropwise condensation

• The condensed vapor forms 
droplets on the surface.

• The droplets slide down when 
they reach a certain size.

• No liquid film to resist heat 
transfer.

• As a result, heat transfer 
rates that are more than 10 
times larger than with film 
condensation can be 
achieved. 

Condensation occurs when the 
temperature of a vapor is reduced 
below its saturation temperature.

Condensation
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Film Condensation on a Vertical Plate

• Liquid film starts forming at the top 
of the plate and flows downward 
under the influence of gravity.

• d increases in the flow direction x

• Heat in the amount hfg is released 
during condensation and is 
transferred through the film to the 
plate surface.

• Ts must be below the saturation 
temperature for condensation.

• The temperature of the condensate 
is Tsat at the interface and decreases 
gradually to Ts at the wall.
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Vertical Plate ─ Flow Regimes

• The dimensionless parameter 
controlling the transition 
between regimes is the 
Reynolds number defined as:

• Three prime flow regimes:
– Re<30 ─ Laminar (wave-free),

– 30<Re<1800 ─ Wavy-laminar,

– Re>1800 ─ Turbulent.

• The Reynolds number
increases in the flow 
direction.
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Heat Transfer Correlations for Film 

Condensation ─ Vertical wall

Assumptions:

1. Both the plate and the vapor are 
maintained at constant temperatures 
of Ts and Tsat, respectively, and the 
temperature across the liquid film 
varies linearly.

2. Heat transfer across the liquid film is 
by pure conduction.

3. The velocity of the vapor is low (or 
zero) so that it exerts no drag on the 
condensate (no viscous shear on the 
liquid–vapor interface).

4. The flow of the condensate is laminar 
(Re<30) and the properties of the 
liquid are constant.

5. The acceleration of the condensate 
layer is negligible.



32

The average heat transfer coefficient for laminar film condensation 

over a vertical flat plate of height L is
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The average heat transfer coefficient in wavy laminar

condensate flow for
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Inclined Plates

Horizontal tubes and spheres

Inclined Plates

Horizontal tube banks
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Film condensation 
inside horizontal 
tubes
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Dropwise Condensation

• One of the most effective 
mechanisms of heat transfer, 
and extremely large heat 
transfer coefficients can be 
achieved.

• Small droplets grow as a result 
of continued condensation, 
coalesce into large droplets, 
and slide down when they reach 
a certain size. 

• Large heat transfer

coefficients enable designers

to achieve a specified heat 

transfer rate with a smaller 

surface area. 
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• The challenge in dropwise condensation is not to achieve it, but 
rather, to sustain it for prolonged periods of time.

• Dropwise condensation has been studied experimentally for a 
number of surface–fluid combinations.

• Griffith (1983) recommends these simple correlations for 
dropwise condensation of steam on copper surfaces:
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Concluding Points
• Boiling heat transfer

• Pool boiling

– Boiling regimes and the boiling curve

• Flow boiling

• Condensation heat transfer

• Film condensation

• Film condensation inside horizontal tubes

• Dropwise condensation
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HEAT AND MASS TRANSFER

Heat Exchangers
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Objectives

Recognize numerous types of heat exchangers, and 
classify them,
Develop an awareness of fouling on surfaces, and 
determine the overall heat transfer coefficient for a heat 
exchanger,
Perform a general energy analysis on heat exchangers,
Obtain a relation for the logarithmic mean temperature 
difference for use in the LMTD method, and modify it for 
different types of heat exchangers using the correction 
factor,
Develop relations for effectiveness, and analyze heat 
exchangers when outlet temperatures are not known using 
the effectiveness-NTU method,
Know the primary considerations in the selection of heat 
exchangers.
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Heat exchanger: a device used to transfer heat between fluids that 
are at different temperatures and separated by a solid wall.

TYPES OF HEAT EXCHANGERS
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A Plate  Heat Exchanger 
Used in a Geothermal 
District Heating System 
in Izmir, Turkey
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Isı Eşanjörlerinde Kabuklaşma

Scaling/fouling 
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THE OVERALL HEAT TRANSFER COEFFICIENT

For a double-pipe heat exchanger:

The total thermal resistance:

The rate of heat transfer between the two fluids:

The  overall heat transfer coefficient (U):

The overall heat transfer coefficient becomes:

For and  
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When the tube is finned on one side to enhance heat transfer, the total 
heat transfer surface area on the finned side becomes

Afin           : surface area of the fins
Aunfinned :  area of the unfinned portion of the 

tube surface
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Fouling Factor
The layer of deposits represents additional resistance to heat transfer
and causes the rate of heat transfer in a heat exchanger to decrease.
It is represented by a fouling factor Rf, as a measure of the thermal
resistance introduced by fouling.

For an unfinned shell-and-tube heat exchanger:

Rf, i  : the fouling factors at Ai

R f, o : the fouling factor at Ao
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ANALYSIS OF HEAT EXCHANGERS

The kinetic and potential energy changes are negligible.
The specific heats of the fluids is constant
Axial heat conduction along the tube is considered negligible. 
The heat loss from the outer surface to the surroundings is negligible.

Assumptions:

The rate of heat transfer from the hot fluid is equal to the rate of heat 
transfer to the cold one: 

The subscripts c and h stand for cold and hot fluids, respectively.

and

The heat capacity rate for the hot and cold fluid streams: 
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The rate of heat transfer in a condenser or a 
boiler undergoes a phase-change process:

: the rate of evaporation or condensation 
of the fluid 
hfg : the enthalpy of vaporization of the fluid 
at the specified temperature or pressure

U    :  the overall heat transfer coefficient
As   :  the heat transfer area,

: average temperature difference
between the two fluids
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THE LOG MEAN TEMPERATURE DIFFERENCE METHOD (      )

: the log mean temperature difference
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is obtained by tracing the actual temperature profile of the fluids
along the heat exchanger and is an exact representation of the average
temperature difference between the hot and cold fluids.

is always less than       .

arithmetic mean temperature
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Counter-Flow Heat Exchangers Multipass and Cross-Flow Heat 
Exchangers
Use of a Correction Factor (F)

F for a heat exchanger 
is a measure of 
deviation of the        
from the corresponding 
values for the counter-
flow case.

: the log mean temperature difference for
counter-flow heat exchangers with the same
inlet and outlet temperatures

Temperature ratios:
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The correction factor for a condenser or boiler is F= 1, regardless of
the configuration of the heat exchanger.
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THE EFFECTIVENESS–NTU METHOD
The heat transfer surface area of the heat exchanger can be determined 
from

With the LMTD method, the task is to select a heat exchanger that
will meet the prescribed heat transfer requirements. The procedure to
be followed by the selection process is:
1. Select the type of heat exchanger suitable for the application.
2. Determine any unknown inlet or outlet temperature and the heat

transfer rate using an energy balance.
3. Calculate the log mean temperature difference and the

correction factor F, if necessary.
4. Obtain (select or calculate) the value of the overall heat transfer

coefficient U.
5. Calculate the heat transfer surface area As .

A second kind of problem encountered in heat exchanger analysis is the
determination of the heat transfer rate and the outlet temperatures
of the hot and cold fluids for prescribed fluid mass flow rates and
inlet temperatures when the type and size of the heat exchanger are
specified.
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The effectiveness (ε) –NTU method:

The actual  heat transfer rate in a heat 
exchanger: 

The heat capacity rates of 
the cold and the hot fluids:

The maximum temperature difference in a
heat exchanger is the difference between
the inlet temperatures of the hot and cold
fluids.

The maximum possible heat transfer rate in a heat 
exchanger:
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The determination of requires the availability of the inlet
temperature of the hot and cold fluids and their mass flow rates

The actual heat transfer rate:  

The effectiveness of a heat exchanger enables us to determine the heat 
transfer rate without knowing the outlet temperatures of the fluids.

For a parallel-flow heat exchanger:
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The relation for the effectiveness of a parallel-flow heat exchanger:

The number of transfer 
units (NTU):

The capacity ratio c: 
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We make the following  observations from the effectiveness relations 
and charts already given:
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SELECTION OF HEAT EXCHANGERS
The rate of heat transfer in a heat exchanger: 

Heat Transfer Rate: A heat exchanger should be capable of transferring heat at 
the specified rate in order to achieve the desired temperature change of the fluid 
at the specified mass flow rate.

Cost: Budgetary limitations usually play an important role in the selection of
heat exchangers, except for some specialized cases where “money is no object.”

Pumping Power: 

Minimizing the pressure drop and the mass flow rate of the fluids will minimize the
operating cost of the heat exchanger, but it will maximize the size of the heat
exchanger and thus the initial cost.

Type: The type of heat exchanger to be selected depends primarily on the type of 
fluids involved, the size and weight limitations, and the presence of any phase 
change processes.

Size and Weight: Normally, the smaller and the lighter the heat exchanger, the 
better it is.

Materials: The materials used in the construction of the heat exchanger may be an 
important consideration in the selection of heat exchangers.

Other Considerations: Toxic or expensive fluids
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Concluding Points
Types of Heat  Exchangers

Parallel, Counter and Cross  Flows

Fouling Factor

Analysis of Heat Exchangers

The Log Mean Temperature Difference (LMTD) Method

Counter-Flow, Multipass and Cross-Flow Heat Exchangers

Correction Factor

The Effectiveness—NTU Method

Selection of Heat Exchangers
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HEAT AND MASS TRANSFER

Fundamentals of Thermal Radiation
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OUTLINE

 Introduction

 Thermal Radiation

 Blackbody Radiation

 Radiation Intensity

 Radiative Properties

 Atmospheric and Solar Radiation 

 Conclusions 
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INTRODUCTION

λ: frequency

υ : wavelength
c:  speed of propagation 
c0: speed of light
= 2.9979x108 m/s
n: index of refraction

h: Planck’s constant
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THERMAL RADIATION
Thermal Radiation: electromagnetic radiation,
pertinent to heat transfer (emitted as a result of
energy transitions of molecules, atoms, and electrons
of a substance).

Light: the visible portion of the electromagnetic
spectrum (between 0.40 and 0.76 μm).

Solar Radiation: the electromagnetic radiation emitted 
by the sun (mainly in the wavelength band 0.3–3 μm).

The radiation emitted by bodies at 
room temperature falls into the
infrared region of the spectrum 
(from 0.76 to 100 μm).

UV radiation: the low-wavelength
end of the thermal radiation
spectrum (0.01 and 0.40 μm).

Microwave ovens use electro-magnetic radiation in the
microwave region of the spectrum generated by
microwave tubes (magnetrons).
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BLACKBODY RADIATION
A blackbody: perfect emitter and absorber of radiation.

The radiation energy emitted by a blackbody per
unit time and per unit surface area (blackbody
emissive power):

Stefan–Boltzmann constant:

T : the absolute temperature of the surface in K.

Spectral Blackbody Emissive Power: the amount of
radiation energy emitted by a blackbody at an
absolute temperature per unit time, per unit
surface area, and per unit wavelength about the
wavelength.

Planck’s law:

Boltzmann’s constant:

T : the absolute temperature of the surface and c = speed of light

The total blackbody emissive power (Eb):
h = Planck’s constant
6.6256x10-34 Js
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Emissivity (ε)
Emissivity of a Surface : the ratio of the radiation 
emitted by the surface at a given temperature to the 
radiation emitted by a blackbody at the same 
temperature.

For a blackbody: ε = 1
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Absorptivity, Reflectivity, and Transmissivity

Irradiation (G): radiation flux incident on a surface

For opaque surfaces:
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Kirchhoff’s Law

The radiation absorbed by the small body per unit
of its surface area:

The radiation emitted by the small body:

Considering that the small body is in thermal 
equilibrium with the enclosure:

Kirchhoff’s law:

The total hemispherical emissivity of a surface at
temperature T is equal to its total hemispherical
absorptivity for radiation coming from a blackbody at the
same temperature.

The spectral form of Kirchhoff’s law:
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Greenhouse 
effect

Glass at thicknesses encountered in practice transmits over 90 percent of radiation in 
the visible range and is practically opaque (nontransparent) to radiation in the longer-
wavelength infrared regions of the electromagnetic spectrum (roughly                        ). 
Therefore, glass has a transparent window in the wavelength range                                
in which over 90 percent of solar radiation is emitted. On the other hand, the entire 
radiation emitted by surfaces at room temperature falls in the infrared region. 
Consequently, glass allows the solar radiation to enter but does not allow the infrared 
radiation from the interior surfaces to escape. This causes a rise in the interior 
temperature as a result of the energy buildup in the space. This heating effect, which is 
due to the nongray characteristic of glass (or clear plastics), is known as the greenhouse 
effect.
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ATMOSPHERIC AND SOLAR RADIATION
The total solar energy incident on the unit area of a
horizontal surface on the ground:

The radiation emission from the
atmosphere to the earth’s surface:

Tsky: the effective sky temperature

Tsky ranges from about 230 K for cold, clear-sky conditions to about
285 K for warm, cloudy-sky conditions.

The sky radiation absorbed by a surface:

The net rate of radiation heat transfer
to a surface exposed to solar and
atmospheric radiation:
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Concluding Points:

 The electromagnetic spectrum? 

 Thermal radiation?

 A blackbody and the blackbody emissive power?

 Stefan-Boltzman law?

 Planck’s law?

 Emissivity?

 Absorptivity, reflectivity, and transmissivity?

 Kirshhoff’s law?

 Effective sky temperature? 



HEAT AND MASS TRANSFER

Radiation Heat Transfer 



Objectives

 Define view factor, and understand its importance in radiation 
heat transfer calculations,

 Develop view factor relations, and calculate the unknown view 
factors in an enclosure by using these relations,

 Calculate radiation heat transfer between black surfaces,

 Determine radiation heat transfer between diffuse and gray 
surfaces in an enclosure using the concept of radiosity,

 Obtain relations for net rate of radiation heat transfer 
between the surfaces of a two-zone enclosure, including two 
large parallel plates, two long concentric cylinders, and two 
concentric spheres,

 Quantify the effect of radiation shields on the reduction of 
radiation heat transfer between two surfaces, and become 
aware of the importance of radiation effect in temperature 
measurements.



The View Factor

 Radiation heat transfer between 
surfaces depends on the orientation of 
the surfaces relative to each other as 
well as their radiation properties and 
temperatures.

 View factor is defined to account for 
the effects of orientation on radiation 
heat transfer between two surfaces.

 View factor is a purely geometric 
quantity and is independent of the 
surface properties and temperature.

 Diffuse view factor ─ view factor 
based on the assumption that the 
surfaces are diffuse emitters and 
diffuse reflectors.

 Specular view factor ─ view factor 
based on the assumption that the 
surfaces are specular reflectors.

 Here we consider radiation exchange 
between diffuse surfaces only, and 
thus the term view factor simply means 
diffuse view factor.



 The view factor from a surface i
to a surface j is denoted by Fij or 
just Fij, and is defined as

 Fij = the fraction of the radiation 
leaving surface  i that strikes 
surface j directly.

 The view factor F12 represents the 
fraction of radiation leaving 
surface 1 that strikes surface 2 
directly, and F21 represents the 
fraction of radiation leaving 
surface 2 that strikes surface 1 
directly. 

 Note that the radiation that 
strikes a surface does not need to 
be absorbed by that surface. 

 Also, radiation that strikes a 
surface after being reflected by 
other surfaces is not considered in 
the evaluation of view factors.



• When j=i:

Fii=the fraction of radiation 

leaving surface i that strikes 

itself directly.

– Fii=0: for plane or 

convex surfaces and

– Fii≠0: for concave

surfaces

• The value of the view factor 

ranges between zero and one.

– Fij=0, the two surfaces 

do not have a direct view 

of each other,

– Fij=1, surface j

completely surrounds 

surface.



View Factors Tables for Selected Geometries 
(analytical form)



View Factors Figures for Selected Geometries
(graphical form)





View Factor Relations

• Radiation analysis on an enclosure consisting of N surfaces 
requires the evaluation of N2 view factors. However, it is 
neither practical nor necessary to evaluate all of the view 
factors directly. 

• Once a sufficient number of view factors are available, the 
rest of them can be determined by utilizing some fundamental 
relations for view factors.

• Fundamental relations for view factors:
– the reciprocity relation,
– the summation rule,
– the superposition rule,
– the symmetry rule.



The Reciprocity Relation

i i j j j iA F A F 

     when     

     when     

j i i j i j

j i i j i j

F F A A

F F A A

 

 

 

 

The Summation Rule

1

1
N

i j

j

F





• The sum of the view factors from surface i of an 
enclosure to all surfaces of the enclosure, including 
to itself, must equal unity.

• For a three-surface enclosure,

• The total number of view factors that need to be 
evaluated directly for an N-surface enclosure is



The Superposition Rule

• the view factor from a surface i to a 

surface j is equal to the sum of the view 

factors from surface i to the parts of 

surface j.

i j i kF F 

  1 2 1 31 2,3
F F F 

 

The Symmetry Rule

j i k iF F 

i j i kF F 



View Factors between Infinitely Long Surfaces: 
The Crossed-Strings Method

• The view factor between two-
dimensional surfaces can be 
determined by the simple crossed-
strings method.

   5 6 3 4

1 2

12

L L L L
F

L


  






Radiation Heat Transfer: Black Surfaces

• Consider two black surfaces of arbitrary shape maintained at uniform temperatures T1 and 
T2.

• The net rate of radiation heat transfer from surface 1 to surface 2 can be expressed as

• Applying the reciprocity relation 

– A1F12=A2F21

• For enclosure consisting of N

black surfaces

1 1 1 2 2 2 2 1      (W)b bAE F A E F  

Radiation leaving

the entire surface 1

that strikes surface 2

Radiation leaving

the entire surface 2

that strikes surface 1

1 2Q  -=

 4 4

1 2 1 1 2 1 2      (W)Q A F T T  

 4 4

1 1

     (W)
N N

i i j i i j i j

j j

Q Q A F T T 

 

   



Radiation Heat Transfer: Diffuse, Gray 
Surfaces

• To make a simple radiation analysis possible, it is common to 
assume the surfaces of an enclosure are:

– opaque (nontransparent), 

– diffuse (diffuse emitters and diffuse reflectors), 

– gray (independent of wavelength),

– isothermal, and

– both the incoming and outgoing radiation are uniform over 
each surface.





Net 
Radiation 
Heat 
Transfer to 
or from a 
Surface

Ri is the surface 

resistance to radiation.

4 2    (W/m )i bi iJ E T 

0iQ 

When the convection effects on the front (heat transfer) side of such 

a surface is negligible and steady-state conditions are reached, the 

surface must lose as much radiation energy as it gains, and thus

In such cases, the surface is said to reradiate all the radiation energy 

it receives, and such a surface is called a reradiating surface.



Net Radiation Heat Transfer between any two surfaces

space resistance to radiation





Methods of Solving Radiation Problems



Radiation 
Heat 
Transfer in 
Two-
Surface 
Enclosures





Radiation Heat Transfer in Three-Surface Enclosures





Radiation Shields and The radiation Effects

If the emissivities of all 

surfaces are equal

When all emissivitoes are equal, 1 

shield reduces the rate of 

radiation heat transfer to one-half, 

9 shields reduce it to one-tenth, 

and 19 shields reduce it to one-

twentieth (or 5 percent) of what it 

was when there were no shields.
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