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LECTURE NOTES

“THE SIMPLEX METHOD IN TABLEAU
FORM"

“MATRIX REPRESENTATION OF SIMPLEX
METHOD”



Algebra of The Simplex Method
Matrix Representation of
Basis and Basis Inverse and Simplex Tableau

« Consider the standard LP Where
problem:
(LP): maximize z=cx B is mxm nonsingular (basis) matrix
subject to N is mx(n-m) matrix (the matrix of
Ax=Db nonbasic columns)
x=0 : L :
A is mxn matrix. b is a m-vector. xis a  Based on this partitioning, the linear
n-vector ’ system Ax=b can be rewritten to
yield
Recall that a bfs to this problem _
corresponds to an extreme point Bxg+NX\=b
of the feasible region and is
characterized mathematically by This simplfies to

partitioning matrix A into a
nonsingular basis matrix B and the

matrix of nonbasic columns N. Xg+B*NX\=B*b
That is:
A=[B|N] and solving for Xz in terms of X

yields



MATRIX REPRESENTATION

(LP) maximize Z=cx

Subject to
Ax=Db
x=0
A=(B:N) (1)
Bxg + Nxy =D (2)

This simplifies to
Xg + B-INxy = B-1b (3)

and solving for Xz in terms of X, yields

Now setting X =0, we see that (4) results in

Xg = B-1b




The solution

X B~h
XN 0 Is called a basic solution,

vector xg called the vector of basic variables and

the vector Xy is called the vector of nonbasic variables.

If in addition, xz=B-1b=0, then
(B

X
0 IS called a basic feasible solution.

Now consider the objective function Z=cx.

Partitioning the cost vector c into basic and nonbasic components
(i.e., c=(cg, C\)), the objective function can be written as

Z =CgXg + Cy Xy (5)



Now, substituting the expression for xg defined in (4) into (5) yields
Z=cg(B'b-B'Nxy)+CyXy  (6)
which can be rewritten as
Z =cgBb—(CgBEN -y )Xy (7)
and setting x=0, we see that (7) results in
Z =cgB7b

which is the objective value corresponding to the current basic feasible solution

*NOTE: From the strong duality theorem, we know that at the optimum point the
primal and dual objective functions are equal to each other.

So, z=yb=czB™b

we can see that Yy =Cpg B_1



Therefore, the current extreme point solution can be represented in canonical
form:

Z =cgBb—(cgB™N —cy )Xy (8)
Xg = B7b—BNx, (9)

with the current basic feasible solution given as

Z=c,Bb (10)

X:(XBJZ(B%]ZO (11)
X, 0

Now letting J denote the index set of the nonbasic variables, observe that (8-9)
can be rewritten as follows:

Z =cgB7b- Y. (cgB™a; —¢;)X; (12)
jed
Xg =B7b— Y (B™a;)x, (13)

jeld



The central idea behind the simplex method is to move from an extreme point
to an improving adjacent extreme point by interchanging a column of B and N.

The first question is when will such an exchange improve the objective function

oz

8&

Observe that the coefficient _ (CB B_laj — Cj) of x; represents the rate of
change of Z with respect to the nonbasic variable x;

=—@BB4ay—q)

Thus, if 57 8Xj >0 thenincreasing the nonbasic variable x; will increase
Z. We know that the quantity (CB B1a. —¢ ) sometimes referred to as reduced
cost and for convenience is usually denoted by (z-c;).

So, in a maximization problem, the basic feasible solution will be optimal if

J

or equivalently, if

—c.B1lq. _ i
z;—Cj=CcgBa;-c; 20 forall jeJ



SIMPLEX METHOD IN TABLEAU FORM

Consider again the canonical form represented in (8)-(9).
Z =cgB—(cgB™N —cy )Xy (8)
Xg = B7b—BNx, (9)
Now, rearranging terms so that all the variables are on the left-hand

side of the equation, with the constants on the right-hand side, we
have

Xg + B'Nxy =B™b



THE SIMPLEX TABLEAU

Z Xg XN RHS
Z 1 O CBB_lN'CN CBB_lb
Xg 0 I B-IN B-lb

In a more compact form:

Z X RHS

Z| 1 cgBtA-Cc cgBtb

X 0 B-1A B-1b

w




Example:

LP:

Min Z = 4x, + X,
S.L.

3X; + X, =3

4x, + 3X, 26

X, +2X,<4

X1, X5, 20

LP In standard form with artificials:

Min Z = 4x, + X,

S.t.
3X; + X, + R, =
4x, + 3X, — X3 + R, =
X1 + 2X, + X4 =

X1, X5, X3, X4, R;, R, 20



lteration  Basic | X; X X3 R, R, X4 RHS

Z 0 0 1/5 8/5M -1/5M 0 | 18/5

(2) X, | 1 0 1/5 35  -1/5 0 3/5
X5 enters

X, leaves X | O 1 -3/5  -4/5 35 0 6/5

X, | o o (1) 1 1 1 1

0 0 0O 75M -M  -1/5 | 17/5

3) X, | 1 0 0 2/5 0 1/5 | 2/5

OPTIMUM | 0 1 0 -1/5 0 35 | 9/5

g | O 0 1 1 -1 1 1

MRT



Dual:

Max W = 3y, + 6y, + 4y,
S.t.
3y, t4y,+ y;=4
yp + 3y, +2y3 =1
X, + 2%, <4
Yy urs.,y,20,y;<0

Primal Optimal
Solution

Z=17/5

X, =215

X, = 9/5

Dual Optimal
Solution

W =17/5

y, =715

y, =0

Y, = -1/5




Remember that

Method | — Finding optimal values of the dual variables

Row vector of

. . . . Optimal
Optimal values original obj. coefficients :
: = _ _ . |™| primal
of dual variables of optimal primal basic _
_ inverse
variables
y = Cg * B~

Method Il — Finding the z-row coefficients (reduced cost)

Optlmal prima' LHS Of the RHS Of the
z-row coefficient |=| j" dual  |—| j™ dual
of any variable X; constraint constraint

m
ZJ'_CJ':Elaini_CJ or

f— -1 - - -
z;-C; =CgBa;-C;



Optimal Z value and Xg

cg=[4 1 0] B*=

Z=cgBh=[4 1 0

=21/5-4/5=17/5

(35 -15 03
=[4 1 0]-45 3/5 0|6
1 -1 14
(2/5 0 -15]3] [2/5]
xg=Bb=|-15 0 3/5|6|=|9/5
1 -1 1 4] | 1]

(2/5 0 -15]
15 0 35
1 -1 1
2/5 0 -15]
15 0 35
1 -1 1

Z value for iteration 2:

=[8/5 -1/5 0]6|=18/5




Finding Optimal Dual Solution

y = CBB_l

=y ¥,

Ys]=[4 1 0]

— Dual variable values in iteration 2:

vi Yo

ys]=[4 1 0

(2/5 0 -15
-1/5 0 3/5|=[7/5 0 -1/5]
1 -1 1

35 15 0]

~-4/5 3/5 0(=[8/5 -1/5 0]
1 -1 1




Simplex Table Computations

Here, we will show how the entire simplex table at any iteration
can be generated from the original problem data and the inverse
associated with the corresponding iteration.

We can divide the computations into two types
1) Constraint columns

2) Objective z-row



Constraint Column Computations

Constraint
columnin
iteration |

J

Optimal inverse in the example B™ =

A=

a; =Ba;

inverse in
Iiteration i

a,, Ay, 8y, 8g, 8g, dy,

3 1
4 3
1 2

0 1 0 0]
1010
0 00 1

original
j constraint
column

(2/5 0
_15 0
1 -1

~1/5°
3/5
1




= Q. Find the x4 column in optimal iteration

2/5 0 -1/5|3] [1]
oy=Bla,=|-15 0 3/5|4|=|0
1 -1 1 |1] [0
= Q. Find the x, column in optimal iteration
' 2/5 0 -15]0] [-1/5]
a,=Bta;=|-1/5 0 3/5|0|=| 3/5
1 -1 1 J1] [ 1
= Q. Find the R4 column in iteration 2
35 -1/5 0f1] [ 3/5
ap;=Blag; =|—-4/5 3/5 0]/0|=|-4/5
1 -1 1)0] | 1
= Q. Find the x, column in iteration 2
[ 35 -1/5 0 1] [O]
a,,=Bla,=|-4/5 35 0|3|=|1
1 -1 12| |0]




Obijective Z-Row Computations

For the optimal iteration

2/5 0 -1/5]3 3
z,—c,=cgBla;—c,=[4 1 0]-1/5 0 3/5|4|-4=[7/5 0 -1/5]4|-4=0
1 -1 1 |1 1
1
z,—Cc,=cgBla,-c,=[7/5 0 -1/5]3 —1:2—2—1:0
2
0
z3—C3=cgBlag—c3=[7/5 0 —1/5]-1|-0=0-0=0
|0
0
2, —C4=CgBlay—c,=[7/5 0 -1/5]0 —oz_é
1
1
Zpy —Cry =CgBag; —Cry =[7/5 0 -1/5]0 —M=;—M
0
0

Zro —Crz =CgBlag, —Crp =[7/5 0 —-1/5]1|-M =-M
0



For iteration 2

22—C2 =CBB_1a2—C2 :[4 1 O

=83 1.0

5 5

1
—Cr1 =CgB "ar; —Cgr1 = [8/5

(35 -15 01
~4/5 35 0
1 -1 1]2]
_1_
: 8
_]7/5 O_ O —M :g—M
0

=[8/5

-1/5 0] 3




Example:

LP: LP in standard form with artificials:

Max Z = 5x; + 12X, + 4X, Max Z = 5x; + 12X, + 4X; - MR

S.t. S.t.

X+ 2%, + X3 =10 X+ 2%, + X3+ X, =10
X1y Xoy X320 X1y Xoy X3, X4, R20
Optimal Table
X1 X X3 Xy R RHS

Z
X2
X1

4 [25 -5
T8 1{% 2/5

} then fill the table



5= 0 s |8 |1oss.1008) | 295
2/5 =Y 5}{ } 274
15 2/5

% =B 7% B/: 2/5“ {7/5}

—c3=cgBag —c5 =[12 5{]//55 21//55}:3—4412 5]{75}4:?-4:2

—cy =cgBla, —c, =[12 5]{]2//55 —2]//55[3}_0:[12 5]{]2//2}—0:%—03—;

/3 _%}m ~(-M)=-2/5+M

Z =cgBb=[12 5]{
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