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EXTERNAL TNCOMPRESSIBLE  VISCOUs FLOW

£xternal f/.ﬂ.\/_g are f[ouj OVer bopdies immessed fn a unbgusded
ﬂw‘d. The //au over é{rﬂl'-i'fi/‘f}wfﬁ P/aiéj and  the //.9&./ over
G sphere  are  examples of external //am. A Jew  external
f/aws, that are 00{ mtecest 1o enj,;wm are Shoun . Che /I}mrﬂ

Figure 8.1 Some external
flows.
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BOUNDARY - LAYER  concepT

The  concept éj bovwnp, y faaer was %nf Sntrgdyced 53
Ly dW:‘(j prandf// g  Germagh aerﬁd;«naw‘(;&f, in 290, Prior to
Prendtl’s  hitoric  bregh z‘hrauﬂ/; , the Stience a/ //w'o/ mechames ha
ib*"Pr’? developin g m two d;:f fg/mf diections:  Thegretizal /IJ /aagna,wa,
evalved . .‘fmn}) - the solutiygp ,j(/ fules’s éfuc'.’//ﬂﬂj a/ m 211w
/0/ IS el //au/s i J75S.  Since. the resulbs 'a(j ﬁ(ydnﬁd&ﬁamfcs contradiced
Many expecimental, . gbservations ; ,’)mﬁ{;‘cmd €ﬁﬁ,}:(’€:;’$ developed  the'r gy
Cmprical  art Jj /Ida/fauh'(j,

Al Uwuéh the  Newier - Stole) una-ffbm, describing  the mghion

. , : d
@0{’ G VIScous d/wd cJeue/prd 133 Neyier 1’5"_\2’;} ) ,}')ofgp(n‘&,’ffa

b(bj Stokes /6] :ld%s:, the ’”GMQ”?G?QG{_ 6*/’;//"?“/'1”‘“ 1 M/WhJ I(/l.ﬂﬁj}
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exepl for o Jew siple e Prohibfed the thegrétieal {ireqtmeyt
ﬂcf Vi) Cous //ou_s,

Pranatl Shoved thet Ay VISLgus //au_s can be aﬂa/&m/
)JU dr‘sh'df"ﬂg the //W f’e/d Il two f?,;ﬁﬂ_}:' One close fo the
sohd  boundaes, the glhe, coveriy the rest of the //ww freld.
C(J/f/a m  thn reaviﬂn aJd’amt to o sohd bdundaraj(thz bc‘?una/a?
ﬁaau) the  Vicous effeds are mpirtenl .  Tn thi§ reﬂ«;bﬁ}
the yiscous faraes are.  much  more s:‘(jméﬁ'cmr than the inerky

fa/wjd The \/e/ou"'fa 9f the flw'J st the el relabr
to the xelid bﬁuno(gﬂa IS 2erty and Iincreases toward the

mamn  Stream .  Shear sdresses /n ths one.  are very Aﬁﬁ dwb&
to the explence 0f (’Xfﬂ.’ﬂ?f(; /77('7/: vefou’ia jrw/,'enis at aﬁ/ near
the solid  boundares. Ja the feﬁ,'ar} dutside The bauou(ary lﬁff
Lhe in/ luence 0% uiscagf'fd /)ey//f?)[e/ so thal the inestal |
G{ma dommate  the  ubcous ores. 7*%6{?"67 The //Jw n
his reqon may be consideced inviscid, and the potential //m,./
fllé’ﬂﬂa may be e ﬁr afm/(yé'f’?é 7:};@ //df/f’-

U ' " oins 8‘5 Wﬁo(q

i

fa /ﬂ#h‘ "

— F; F ///_;'}—////////////1///71/7#

Lfﬁfﬁlmg E

edaa - Ble Pl =
Lam;h.af' ’f?an‘s,‘ﬁ‘,yf} ’Turbulmt'

Fl%- gtﬂbmolara &‘J&F d0 & //ai f}/af(i
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Laminar regiin /)42,;05 alt  fhe feaaﬂ‘n; ea%& and grews
thikness . A taansitiog reqion /s reached — here  Fhe / bous
,g..haﬂo?fs /ram laminar  to  turbulest. The twons,tion Hepends
i the Qf&n.’/’/i} numbec which 5 defied ay

le = 3Ux

M

F{Jr Calculgiiin pufpdgas, under fyﬂfca( //au Mm{/%b/u) transition
wuaﬂy 8 comeced  to  occur ot Ke = Sup. 090, T/if/f’y‘éfc -
/f .

Re < Svg. gp0 //JH 5 lamipar

le > $00.000 //ow 5 tucduler? .

BOUNDARY - 1AYER.  THICLNESSES
ca) gﬂunda(j Laaor Thickness

The boundara fay(f thickness , J /5 wswally=defined ay
the distance j,gm the  spl/d bﬂuﬂa/a/y fo fhe ---vpm’nf Wwhere

the l/e/ou?a S within 1 peent 0/ the fr{’eéﬂ'r&wn 1/@/00'1‘3-
' v

——— U= 0.9y
d J

X
b TR e DR K ) EES S :

f,f} .Df’;f;'mi‘rl’m .,-:vf' the gé()unafg/y La(jp, bhickpess

U=0.99)  of y-:J



104)

B) GOUH dara Lajv:[{’f Di)p lacery ent Thickness

The bounc{afa laaEf d}{&[)/agfmpﬂf fbr’dng/ g */ ”75‘2 be ,;&(/{MJ
o the  dilance ba whith the sglid boy ”‘[Wy would — hewve
fo be di p/awo’ to  mantan  Che Same may d'/aw rate. ;0

an ;'maav‘harv /n’a’:'onles_s //m/.
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a) HReal dl-/m\/ s b)"; m/eal //01/

7}@ decrea}& /N Medd j/ﬂw rale due 010 IL/LL /h//uem,e g/ Vedegus
é{afm A1 o
J $(0-u)wdy
v

Whece W 1y the width aﬂé/ the fswfw,e i the direcion peplodicaler

-y 1o j/ou. ,
D;’W Iau'ng the 60unJa(y ba a dixdance 0( ’ ( i'ﬂQa,[ /t(w' (aﬁ’)
wigald . wlsell 1 e //dw ﬂffﬂﬁ'a'?nc&, tﬁj SU 8%l

T/l uy oy

SP{*w = f S(U—u)wda
0

FO{' /h(ﬁf"}p?ffjf'z'b/e— j/ﬂh/ 5 8 = Con5/anf/ dnd
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] Baundar Y A ayes Mﬁrm#um Thickness

Flyu  retardadion w,7hin bwﬂdar} /aawr also reulls Jn a

redyctinn 1o mgmentum //u)( at a sedion (,&mpa/ec/ with 1ndises,)

;/NJ- T)V- Mymenum d-e/')'u'?ﬂf?, ‘Lbrw(jk the bﬁuf?&[afa /aaif'
/5

J Sull-u) u/o(a.
v

] U y
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d) Real J/ﬁtn/_ : b) Tdeal Ciaviserd) //au

IJ wi\cow %arce) Wére gb}eﬂf, /'f l«/au/d'be fwcéssa/a, o
mwe the solid boundar(v]; oulward 0 0btasn o momeqtum

Dle(fw’cf'mcﬁ- The mgmembum thikaess ;5 dengded 6(\] £ T
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has a 1ot section that

30S mm s quare . 66wn/afa‘(dd£r 1/6/061'/(3, ,On?/}fﬁ are meaured

two  (ross

gectiing

and 4/1'5p lacemesi?

{ hick NESSES are

ealualed /rom the  measured Pfai,’/m. /Mt section @) where

the ‘,ﬂfeQSff'ean’) speed 1

d:L = 1.5 mm,

settjon @ )

thickness
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Assume Standard afmagphem cond)tiens,
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Ca/cu /cH’C’- the C})aﬂ‘?&

) s:‘af;;c pressure between  sechion @ and @ £ xpress
'H?ﬂ febuhlj as: - a feﬁ?‘ft?am dynam;’c PIP.SSLJ/'&-‘c,f geml,-zm@

§ < BiE®

b

Z/
S#

A LF LA ARLS
r———— —

SER R

]
1
|
i
i
A

BN S S SN

Cmss section 0/

Wind tunnel.

Sz: 2{ mry)

e 2huka.

ﬂpﬂ/y_ the canh'nw'i’& and Berooull Guations 1o /,eegf,mn?

ﬂau oulside.  the bﬂundaf}-[awr displocement  thickness, where

L/)')(mfj {J(/feé"/j

0

J" = 2 LRy 4
2t

e

T

are ﬁeﬁ h'g;’b le.,

3.

-5
dA




107)

Assumption s : /) S?‘eaJ o,
2) Iﬂdompre;g,b/e j/ot./

g) }'/OLJ Uﬂi;Urn? af Cach section 01/%3/4& S*
4) Flow  alons a steambia  betesn Soctions @ and@

ﬁ) /l/o (/Hdmna ZJ/ecf_x N f,wét,eam
é) M@/-‘-’C‘f 2loyation /J?cmﬂzs

From  the Gerppully €t7Ua¥fun we 0btan

2 2 o 2 [ ‘
hi-b = £80h-V") = L3(0.°-0)) = L3y “‘g‘)"j]

[}

0or

it . (y_a)zaj
,?{ng(),z U

___/}
—_— —_—

[ iy~

From cwonhauty , VA =U Ay = VoA, = Uz f, so

7

Where A = (L"’QS*) e the efﬁpl:i;é//ﬁﬁoma. Subsfiﬂf/;’nﬁ dtﬂ.}g

i
P,_P?’:(&)Z_f d[(L_ZS’*Z]_I
rsy )T ey

p_P.
1
230

: y
= i 215 S i 0.0164 or 1.61 p{’/wﬂf
305 = 2w 2.1
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| AMINAR  FLAT -PLATE BOUNDARY LAYER— EXACT SOLUTION

Consider sfeadyl two - dimensional — and Larmdiinr //m,/ aj an compress/ble
f il ogver //af f)/m’a with  2ero pressure 3&;0&?/:?& unde
the  absence J—j bod(j of.frae_s, In thi caje, the govermng
equations J-j motinn  redue o

U v

f |

R

B [ SR

X bv
u v Vs v =) IV
2K T oY bﬂ”’
w,% bvundma conchhans
at a :0 U =0 Ji=0
at g — u="U : _0—@— =0
d

{

The dfn’lénsitm/ﬁs; ue/vcf'/a pnﬂfﬁ’) U/U, (s Similar dﬁar all
Valves  of X.  Thoy  the Solution 5 of the  form

_g-— = 8({) whifc ([ X _),:jn_

Subf”l’!f“;m(j these equations  nto the governing equq;’aﬁg:" one

can  leduce 5 f(} o e e pgr/ia( Mormen’um  €Gua Y
!)6( ney ¢ uf ﬂ(f’, ] ‘f .f:"/'?:"’ ;‘:ff { eqis -,f(‘?("jf'} /) —(i—
Qe aq 0r ol ’m/d ‘/J reals / / ( Z & xXn

2 g ; 0y [y €35420 ‘
In vrder to ngndimens,onalite Q }.H"»f'- it ’s eltap lied bg \/D_,
Th;’f'/&(fa e Y

i

i: 1 :y\,"u
rxju



Tnfroducfn% the stream 4“”04"9’7/ l/ where

i = ?_L.V__ and W= ?__\-li
Y 2X

Sah'_sd,‘eu the ggm’f/)uf/a {’7t/q//a/). 'Dé(fm//rg ci dimensionless
stieam #wo—?’f'?ﬂ al

hp = Y o Y=l fY)
V Yx U

we.  can €tlugle  eath a(f terms 1y momentum equatm.

, Y X

Then

o4 L 1 d{
k):—- l M—i ‘f‘-—i] R
b)< o M ;'

X d
63 c/;’//&ﬂ%;’aiz’na the I/e/ou')'d compPontats st also can be ihau’;/;af
1
g U gl ]
>

1y
% = Vo &



and

oy _ U df

R

-

aU'L X dlf

Subsh‘full}'ng Lhese exp/essiwj /nto  the momentum E?Uqﬁ?ﬂ we 9bkay

Vi (j3f —+ f dzf =i/
6]7/3 d/tl

with bOunz/a/af condstiony
at Z;"O #:d_{i -——0 (U:O,lﬁi:*})

at zwao d1 e (u:())

T}W'J’ ﬂﬂﬂ?’flﬂ&ac ?Lbf‘fc/- érd’l{'/ Ofo//'ﬂa/(u’v C/f/a’fé’/f’ofib( 1‘-’7(1&1?‘/-?:))
sthich- s called - Blésiug €c/wah’0n/ can be yoled

ﬂumen'ca//a. The mumecia| Values of 7, ﬂla{/c/fz) and dff/dg,zl 1S goen
N the Teble.

Table 9.1 The Function (%) for the Laminar Boundary
Layer along a Flat Plate at Zero Incidence

U (] u "
nuy\/; Y 3 F U f
0 0 0 0.3321
0.5 0.0415 0.1659 0.3309
1.0 0.1656 0.3298 0.3230
1.5 0.3701 0.4868 0.3026
2.0 0.6500 0.6298 0.2668
2.5 0.9963 0.7513 0.2174
3.0 1.3968 0.8460 0.1614
1.5 1.8377 0.9130 0.1078
4.0 2.3057 0.9555 0.0642
4.5 2.7901 0.9795 0.0340
5.0 3.2833 0.9915 0.0159
5.5 3.7806 0.9969 0.0066
6.0 4.2796 0.9990 0.0024
6.5 4.7793 0.9997 0.0008
7.0 5.2792 0.9999 0.0002
7.5 5.7792 1.0000 0.0001

8.0 6.2792 1.0000 0.0000
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For /Z S ——'0 997 n the Table

bt 5.0 X

—_—

where Rexr: _Q__f_
Vuirx VR §

The wall  shear iress may be exp/essed a)

- i
33}30 /MUWT}

Then 0.33280°

Ve,

Cmo{ 'HLQ (,Ja// Shear stress éaf(fffcl'f’nf, CF , ¥ g"‘/‘pﬁ b&l

Loy V232 S/U s =

g B ol

—_—
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Evample: Mie with —a density 9f 1.2k > and  konematic viscosily

7/ LS¥1d® mlsn s Cﬂgwf'ﬂg wer o Jlat plate. Air a/pf/'ﬁ?ac/?éil”

to  the flut plate ol a uafus veluty of 0.3 mfia. The leth

and  width JJ the /loaf p/qfe, are L.Sm and 0.5 m fespea’z;/f/a.

o)  Deleromne  the vaciation 0‘/ the 50044//0/(7 fafr z‘h;zhm/ the
boun c’ara laﬂ"ﬂ, disp lacement thickness  the baun(fa/y f'agf/‘
mymentum  thithness gver the //af plate . s plot thesr varjation.

}3) , Netermine  the variation J(f the Shear stress pver the //g# p/m‘e".

¢)  Determine the wall shear Stress coefficient, C/?.

SoLu Tron) '

e should fiest dedecomine  vhelhor the ﬂow over the //‘ff
P(aft laminar ¢ tyrbulent. ‘7

Y {5 tp”
There/.yre Hu //.w 13 {am;'na/-
a) CRGE G e T A s GRNRTL
Ve, \/—(_Jj&. \[0.3x
5 1.5%1g°

= V R, -
g 9\/; v kg 3_'2 ) J (/(7 0/7\/%)_2
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P )y - /2 -

83 [L)H’)é the l/a/uei 8lveﬂ e the Tab/{—; the K{bdlf{’_ u?tegfat
may  be et/a/Uafeo/ to X”"M

I e 4.72.’!_)’(')_2(_ - 1.72 X Lot 172k

o = J (1-8)dy = fwf’(i—f’)\/_ﬁ‘id,z:\/g}f;'u-f')ai

The  above ;‘nféﬁfa( n'ma be evaluated {0 r'tf/o/

g = Bébi v B 0.60(4X

0.08 #

A

00 Y

TS | I B A

! 2 3 o P X
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The  Jarighvn (96] the chear Stress over the f/m‘ /)/m‘t May

be

oblajned
“ 7
e 0.3328U _ 033230
Rex Ux
Y

Cal 0-332 1.2 » 0-32 .2,5,35*@4

\[0.3 X | \[)(-
1.5% 1075

The wall shear stress coef/:'c;'c?ﬂf (f

oo DHa . i

\/ 0-3 X Vx
1:5%1p7°

Cﬁ" D666 . L6864
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MOMENTUM  TH TEGRAC=EGO P14/

1o the prcwbw &e(j;'ﬂf)/ on  €xacd 50/41//2?0 (/] The bﬂ“/’d""f /‘f‘ff/'
equations 15 obteunsd far Jv't’aag/ | //gu J/ an incogpressible
//w:‘d over a //af p/ade wth  2er0 pressuce j/ﬂ,//?ﬁf, Howe ver,
AN i a/w’ay_s possible Yo oblup the exact solytiom of
Ltf,z b()ungfaﬂa [ﬁrr g7ua7"/fm_s far more  compheated /_/au %P//J,
For  this  reayn §or= approwmate  Soludsan  methods cre olevze
%9( N)fam:hﬁ the bﬂuﬁ/&fa /af/' thr/chkness One ,/ ( hese
approxmale  sglution — methads ;5 the Von Kurwan ,‘m‘eﬁm( 0 00 Yy,
eth\m) which gives  very 500/ results /;ar the  boundary /‘yff
f’/ﬁokms, net Oﬂ/(7 M the lamipgr //ow range but also 1 the fubuleg
Jlow ranye -

T deve  thie equation , consider igmpressidle sfeaJJ, to —
dimensitoal //o{,« e~ éﬂlfd wr/gaj. For our mw/(j,s;;s We
Chogye o a/z('//g/mﬁbl cniwl  yolume | d] !Pﬂdf/) dx —width, /),
and hﬂf'ahf J(X) . shown 10 the ﬁjwc_.

‘. s
L e -"—" g
i = I
el l S(x
[& : _(//, C\/’_:\b ! )
£ | ;
/ a L—--—_—..__}
’f x/// TRECAT //E/r TALL ///// TSR 4 i
dx
,C._Qﬂ}_ﬂlﬂi& gQ{,!aJlJI} Ai&-wrﬂ/ﬁl 73 0 Wl
J 1) Steady [l
; —& - ) ¢ C”"/((j J\H,J

v )
b= by ¢ LdY + i SV.edA Z) Two - dymensional //mu"
or v 23
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Mbc "

et us  evaluale these terms fa( The p////erf,ﬂjg[ contrgl volume

5u/fg¢a ob g5 Jueted al x. She Ghe //aw‘ /s two-dimension,
the  mass j/u)( H)rau(jh ab

Plap = —&Jﬁud%}jw

S(A{Jalzﬁ (d‘ )5 jocaff’z/ at X+d)_ fqundm /'9 f}??;(y/ar

serres  about jOca fon X} we. o bltam

~ iy 2
Slca= mg)(—L d x

and  hepce
§

ey = HD $udy + -—g-;/—ffudy]dxju/

Thus J,;r 5ur‘fﬂce be We 0btam

f“ibc e é %[ )D gUda]OngW

b
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Momentury  Equation

ﬂpf’/y the x  (ompuonent oj the momentury equatvn £ bl

Volume &,bédj

0

U -
Fez # /e/, = 2| usdv + usv.dA Assumphin
P
; v &5 3) F-Gx =

\

—

Lhe n

Fogiz mf;b—r m{m—rmfid

W here rﬂ,ﬂ replesents 7, TR compunent :ﬂ/ Momentm f/uﬂ-
Th!. X momgﬂ}urﬁ f/u)c H’)fl!UJ/) ab )S .

7 ‘((f,g“udy}bf

Surj-aw ¢ s located at xtdx. fxpandmg the X momeatum)
//mx (m{) 4 Taala/ Seces about locatvn X, we vbiain

= 2m{
. X

o X

‘ 4 L §E7
mcd = (((D Ufuda—r aa—xaljo Ufudyjdlea/

Smﬂ the Mass cmsmg _wfjpace_ be /Jm’ VQ/OCi’I((le compinent U

0r

0 IL}L@ X p{l?(’féhbﬂl the x mgmén?{lxny (7/5{} aiross be i3 j)UFf) b(y
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mfb(, - U,;)b‘f

m./bc s ) g —g—; [fogﬁuo/g]dxfu

we can elaluate the pel x  momentvm  Jlu

Then,
fbmudh the vontrol Surface af

T d §
fuf\/.(jﬁ} = -{{ Uﬁudajb./—f ég uﬁudgfw

&

-

-+ E 2. Hjuﬁuﬂ(/{u -V é %—Xl iéﬁudé]d”]bv

I X

Cy”el/hhj 'fffnu) We f,hp/ thet
s 5 §

f usv.da ,—:g%;[f Ufuda]dX’U%[J gudy]dxjh/
0 X D

-5

Let us convder the Su//a(c /oraﬂ mj;‘nc? vn tThe coptrol volume

In  dhe X  dhirechin.
a) Shear Joroa«- ( on Surface ac/) |
b) Nocmul ;orw_j (901 the other surfoces)

C’__.__._. -
e L

[

}

|

F!g ; Df(jjefé‘n-}fﬂ{ C{’?’ﬂﬁf&j l UO[UK*LC
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]J the pressure  at oy IS P then the /Ww_ aal;n& 9n Suface ab
15 g/iffr) by

Fa = Pvd

@écaum, HL& b&undcﬂy /aawr T {/E’fa ﬁ?)/)) Pfejjl//ﬁ Veeriatr0s z,'/)
the Y directivn May be ﬂ{a/ed(’a/- (p= p(x)

TbL Pfc"ssw& at X+dx éan be ‘a’[aumﬁf fxpaﬂc/:'ﬂ; N 647&9‘@(
Senes

P = o dP/ d X
X+ ddx Ix s
’Thé’/) the ;fﬂfC& dn 5]/({4[& Ca’ v gﬂfen Ay

Foa = = (p+ 2| o) (§+ds)

/’fle aJErage i)ressu/& ach‘na PVEr 5ur7me b(,. ¥

d
ARG pr L 22| 4
9 2 oy Iy

7

hen the component 01 the poroal Fyree acing  over be 5
4 1 dp|
i = (Pr £ ) dn)w s
T}M, _S}Mar'" /ﬁfcf—&- 06/1}7(7 v 0!/ 'S5 ?’V‘”’) ég

e -(Zu+_§—~c/ZW)W0/)<
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S/Urﬂmﬁ/)g the X wn’)pmmi rﬂf Cach jﬁrm. ‘:,(,.vlf'/)(? on the Condrol UU/UMPJ

we  gblain
0 0

o = g = —dﬁ oy — %—Zk&‘b&d{ — Qudx — %dzudx W

Where  we gote that  dxdd << gc/x and O/Zu<<2h//

and o peglect the Second and fJourth termy.
Su/gsi,'vlu#m? the ex presSipns 1 nfo the momentum e?w;,,{;m

Fs';( = J Uﬁ-l;ﬂa d/fo (/e pbtam
c-s

z(‘ ;j-f—go/x—zxddxgw - é%[Léufuda]d)f—U%;{J}uda}d}jw

D:\n‘o’ﬁ@g Hn’_g ecl.ua/;bq by wd)( g/UfL\

dp 2 g;@d 2 So(
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