
AC STEADY-STATE ANALYSIS

LEARNING GOALS

SINUSOIDALS

Review basic facts about sinusoidal signals

SINUSOIDAL AND COMPLEX FORCING FUNCTIONS

Behavior of circuits with sinusoidal independent sources

and modeling of sinusoids in terms of complex exponentials

PHASORS

Representation of complex exponentials as vectors. It facilitates

steady-state analysis of circuits.

IMPEDANCE AND ADMITANCE

Generalization of the familiar concepts of resistance and 

conductance to describe AC steady state circuit operation

PHASOR DIAGRAMS

Representation of AC voltages and currents as complex vectors

BASIC AC ANALYSIS USING KIRCHHOFF LAWS

ANALYSIS TECHNIQUES

Extension of node, loop, Thevenin and other techniques 1



SINUSOIDAL SIGNALS
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BASIC TRIGONOMETRY (RECALL FROM HIGH SCHOOL
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EXAMPLE 1

)45cos( t

)cos( t

Leads by 45 degrees

)45cos(  t

)18045cos( t
Leads by 225 or lags by 135

)36045cos( t

Lags by 315

4



EXAMPLE 2

  VOLTAGESBETWEEN    ANGLEPHASE   ANDFREQUENCY   FIND
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To find phase angle we must express both sinusoids using the same

trigonometric function; either sine or cosine with positive amplitude
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SINUSOIDAL AND COMPLEX FORCING FUNCTIONS

If the independent sources are sinusoids

of the same frequency then for any

variable in the linear circuit the steady

state response will be sinusoidal and of

the same frequency
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Determining the steady state solution can

be accomplished with only algebraic tools!
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FURTHER ANALYSIS OF THE SOLUTION
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SOLVING A SIMPLE ONE LOOP CIRCUIT CAN BE VERY LABORIOUS

IF ONE USES SINUSOIDAL EXCITATIONS

TO MAKE ANALYSIS SIMPLER ONE RELATES SINUSOIDAL SIGNALS

TO COMPLEX NUMBERS. THE ANALYSIS OF STEADY STATE WILL BE

CONVERTED TO SOLVING SYSTEMS OF ALGEBRAIC EQUATIONS ...

… WITH COMPLEX VARIABLES
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PHASORS

ESSENTIAL CONDITION

ALL INDEPENDENT SOURCES ARE SINUSOIDS OF THE SAME FREQUENCY

BECAUSE OF SOURCE SUPERPOSITION  ONE CAN CONSIDER A SINGLE SOURCE
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Example 6
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has one phasors of terms In

The phasor can be obtained using

only complex algebra

We will develop a phasor representation

for the circuit that will eliminate the need

of writing the differential equation
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It is essential to be able to move from

sinusoids to phasor representation
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PHASOR RELATIONSHIPS FOR CIRCUIT ELEMENTS

RESISTORS

( ) ( )

( ) ( )

j t j t
M M

v t Ri t

V e RI e    





   RIV

eRIeV
j

M
j

M



 

Phasor representation for a resistor

Phasors are complex numbers. The resistor

model has a geometric interpretation

The voltage and current

phasors are colinear

In terms of the sinusoidal signals this

geometric representation implies that

the two sinusoids are “in phase”
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INDUCTORS
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Example 8
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IMPEDANCE AND ADMITTANCE

For each of the passive components the relationship between the voltage phasor 

and the current phasor is algebraic. We now generalize for an arbitrary 2-terminal

element

ziv

M

M

iM

vM Z
I

V

I

V

I

V
Z 









 ||)(

(INPUT) IMPEDANCE

(DRIVING POINT IMPEDANCE)

The units of impedance are OHMS Cj
Z

LjZ

I
Cj

V

LIjV

C

L

RZRIVR








11










ImpedanceEq.Phasor Element

Impedance is NOT a phasor but a complex

number that can be written in polar or 

Cartesian form. In general its value depends

on the frequency
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KVL AND KCL HOLD FOR PHASOR REPRESENTATIONS
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The components will be represented by their impedances and the relationships

will be entirely algebraic!!

In a similar way, one shows ...
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SPECIAL APPLICATION:

IMPEDANCES CAN BE COMBINED USING THE SAME RULES DEVELOPED

FOR RESISTORS
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EXAMPLE 3
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EXAMPLE 5 SERIES-PARALLEL REDUCTIONS
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EXAMPLE 6 TZ IMPEDANCE THE FIND

24

464

1

1

jZ

jjZ





222 jZ 

 565.26472.4)( 1ZPR

 565.26224.01Y

 45828.2)( 2ZPR

 45354.02Y

100.0200.0)( 1 jYRP 

250.0250.0)( 2 jYRP 

35.045.02112 jYYY 

 875.37570.0)( 12YPR

 875.37754.112Z

077.1384.1)( 12 jZRP 

222
)2()2(

22

22

1









j

j
Y

077.1383.3)1077384.1(2 jjZT 
221

)2()4(

24

24

1









j

j
Y

325.0

35.045.0

35.045.0

11

12

12

j

jY
Z







12

12

2112

1

Y
Z

YYY





24



EXAMPLE 1 SKETCH THE PHASOR DIAGRAM FOR THE CIRCUIT

PHASOR DIAGRAMS

Display all relevant phasors on a common reference frame

Very useful to visualize phase relationships among variables.

Especially if some variable, like the frequency, can change

Any one variable can be chosen as reference.

For this case select the voltage V
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EXAMPLE 2 DO THE PHASOR DIAGRAM FOR THE CIRCUIT
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EXAMPLE 3
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EXAMPLE 4
Draw a phasor diagram illustrating all voltages and currents
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KNOWN. NO NEED TO SELECT 

A REFERENCE 
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BASIC ANALYSIS USING KIRCHHOFF’S LAWS

PROBLEM SOLVING STRATEGY

For relatively simple circuits use

divider voltage and Current

KVL and KCL

 and  combining for rules The

  i.e., analysis; AC for law sOhm'

YZ

IZV 

For more complex circuits use

theorems sNorton' and sThevenin'

tiontransforma Source

ionSuperposit

analysis Loop

analysis Node
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EXAMPLE 1 COMPUTE ALL THE VOLTAGES AND CURRENTS
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Vfor V law sOhm'

IIfor divider current  Use

I Compute

,

,
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EXAMPLE 2
SO VV  COMPUTE ,  IF  458

S
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3

 VCOMPUTE

II COMPUTE

 VCOMPUTE

I  COMPUTE

,

THE PLAN...
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ANALYSIS TECHNIQUES

PURPOSE: TO REVIEW ALL CIRCUIT ANALYSIS TOOLS DEVELOPED FOR 

RESISTIVE CIRCUITS; I.E., NODE AND LOOP ANALYSIS, SOURCE SUPERPOSITION,

SOURCE TRANSFORMATION, THEVENIN’S AND NORTON’S THEOREMS.

0I COMPUTE

1. NODE ANALYSIS
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NEXT: LOOP ANALYSIS
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LOOP ANALYSIS

SOURCE IS NOT SHARED AND Io IS 

DEFINED BY ONE LOOP CURRENT

 021I  :1 LOOP

0))(1(06))(1( 3221  IIjIIj :2 LOOP

3I  FIND MUST

30 II 
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ONE COULD ALSO USE THE  SUPERMESH

TECHNIQUE
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NEXT: SOURCE SUPERPOSITION
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EXAMPLE 3



Circuit with current
source set to zero(OPEN)

1

LI

1

LV

Circuit with voltage source
set to zero (SHORT CIRCUITED)

2

LI

2

LV

SOURCE SUPERPOSITION

= +

The approach will be useful if solving the two circuits is simpler, or more convenient, than 
solving a circuit with two sources

Due to the linearity of the models we must have

2121

LLLLLL VVVIII  Principle of Source Superposition

We can have any combination of sources. And we can partition any way we find convenient
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SOURCE SUPERPOSITION
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NEXT: SOURCE TRANSFORMATION

"Z

"
0I  COMPUTE TO

TIONTRANSFORMA SOURCE USE COULD
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Source transformation is a good tool to reduce complexity in a circuit ...

WHEN IT CAN BE APPLIED!!

Source Transformationcan be used to determine the Thevenin or Norton Equivalent...

BUT THERE MAY BE MORE EFFICIENT TECHNIQUES

“ideal sources” are not good models for real behavior of sources

A real battery does not produce infinite current when short-circuited

+

-

Improved model

for voltage source

Improved model

for current source

SV
VR

SI

IR

a

b

a

b
SS

IV

RIV

RRR





WHEN  SEQUIVALENT    AREMODELS  THE
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IZ
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SOURCE TRANSFORMATION
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Now a voltage to current transformation
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NEXT: THEVENIN
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LINEAR CIRCUIT

May contain

independent and

dependent sources

with their controlling

variables

PART  A

LINEAR CIRCUIT

May contain

independent and

dependent sources

with their controlling

variables

PART  B

a

b_

Ov


i

THEVENIN’S EQUIVALENCE THEOREM

LINEAR CIRCUIT

PART  B

a

b_

Ov


i





THR

THv

PART  A

Thevenin Equivalent Circuit 

for PART  A

Resistance Equivalent Thevenin    

Source Equivalent Thevenin    

TH

TH

R

v Impedance

THZ

Phasor
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EXAMPLE 3: THEVENIN ANALYSIS
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Voltage Divider
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NEXT: NORTON
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LINEAR CIRCUIT

May contain

independent and

dependent sources

with their controlling

variables

PART  A

LINEAR CIRCUIT

May contain

independent and

dependent sources

with their controlling

variables

PART  B

a

b_

Ov


i

NORTON’S EQUIVALENCE THEOREM

Resistance Equivalent Thevenin    

Source Equivalent Thevenin    

N

N

R

i

LINEAR CIRCUIT

PART  B

a

b_

Ov


i

NRNi

PART  A

Norton Equivalent Circuit 

for PART  A

Phasors

Impedance

NZ

NZ
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EXAMPLE 3: NORTON ANALYSIS
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ONSUPERPOSTIBY 

Possible techniques: loops, source

transformation, superposition
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Notice choice of ground

EXAMPLE 4 NORTON THEVENIN, LOOPS, NODES, USING  FIND 0V

WHY SKIP SUPERPOSITION AND TRANSFORMATION?

NODES
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LOOP ANALYSIS
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MESH CURRENTS DETERMINED BY SOURCES
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MESH CURRENTS  ARE ACCEPTABLE
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FOR OPEN CIRCUIT VOLTAGE

THEVENIN

 04'
xI

08

2 xI

)(84 VjVOC 

Alternative procedure to compute Thevenin

impedance:

1. Set to zero all INDEPENDENT sources

2. Apply an external probe

"
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test
TH

I

V
Z 

"
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NORTON

SCI

4'''  xSC II
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USE NODES
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Now we can draw the Norton

Equivalent circuit ...
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Using Norton’s method

Using Thevenin’s

Using Node and Loop methods

EQUIVALENCE OF SOLUTIONS

NORTON’S EQUIVALENT CIRCUIT
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EXAMPLE 5

USE NODAL ANALYSIS

0V  COMPUTE

1V
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EXAMPLE 6  ANALYSISMESH USING    COMPUTE 0V
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EXAMPLE 7
0V  COMPUTE

USING SUPERPOSITION
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USE SOURCE TRANSFORMATION
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USE NORTON’S THEOREM

2||2 jZTH 
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Frequency domain

EXAMPLE 8 Find the current i(t) in steady state

The sources have different frequencies!

For phasor analysis MUST use source superposition

SOURCE 2: FREQUENCY 20r/s

Principle of superposition
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USING MATLAB

Unless previously re-defined, MATLAB

recognizes “i” or “j” as imaginary units

» z2=3+4j

z2 =

3.0000 + 4.0000i

» z1=4+6i

z1 =

4.0000 + 6.0000i

In its output MATLAB always uses “i” for

the imaginary unit

MATLAB recognizes complex numbers

in rectangular representation. It does

NOT recognize Phasors

» a=45; % angle in degrees

» ar=a*pi/180, %convert degrees to radians

ar =

0.7854

» m=10; %define magnitude

» x=m*cos(ar); %real part

x =

7.0711

» y=m*sin(ar); %imaginary part

y =

7.0711

» z=x+i*y

z =

7.0711 + 7.0711i

 4510zrRectangulaPhasors 

z =  7.0711 + 7.0711i;

» mp=abs(z); %compute magnitude

mp =

10

» arr=angle(z); %compute angle in RADIANS

arr =

0.7854

» adeg=arr*180/pi; %convert to degres

adeg =

45

x=real(z)

x=

7.0711

y=imag(z)

y=

7.70711
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EXAMPLE 1 COMPUTE ALL NODE VOLTAGES
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%example8p18

%define the RHS vector. 

ir=zeros(5,1); %initialize and define non zero values

ir(1)=12*cos(30*pi/180)+j*12*sin(30*pi/180);

ir(5)=2*cos(pi/4)+j*2*sin(pi/4), %echo the vector

%now define the matrix

y=[1,0,0,0,0; %first row

-1,1+0.5j,-j,0,0.5j; %second row

0,-j,1.5+j,0,-0.5; %third row

-0.5,0,0,1.5+j,-1; %fourth row

0,0.5i,-0.5,-1,1.5+0.5i] %last row and do echo

v=y\ir %solve equations and echo the answer

Echo of RHS

ir =

10.3923 + 6.0000i

0          

0

0          

1.4142 + 1.4142i

y =

Columns 1 through 4 

1.0000                  0                  0                  0          

-1.0000             1.0000 + 0.5000i        0 - 1.0000i        0          

0                  0 - 1.0000i   1.5000 + 1.0000i        0          

-0.5000                  0                  0             1.5000 + 1.0000i

0                  0 + 0.5000i  -0.5000            -1.0000          

Column 5 

0          

0 + 0.5000i

-0.5000          

-1.0000          

1.5000 + 0.5000i

Echo of Matrix

v =

10.3923 + 6.0000i

7.0766 + 2.1580i

1.4038 + 2.5561i

3.7661 - 2.9621i

3.4151 - 3.6771i

Echo of Answer
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EXAMPLE 2 FIND THE CURRENT I_o

6 meshes and two current sources

5 non-reference nodes and two 

voltage sources… slight advantage 

for nodes
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NODE EQUATIONS

MATRIX FORM
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EXAMPLE 2



MATLAB COMMANDS

LINEAR EQUATION

ANSWER
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LEARNING APPLICATION 1 NOISE REJECTION
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LEARNING APPLICATION 1 NOISE REJECTION

Noise has much higher frequency (700kHz) than signal.

Find a way to ‘block’ high frequencies

Reduce amplitude of noise by 10

Impedance X should have low (zero) value at low 

frequencies and very high at noise frequency

60



PROPOSED

SOLUTION

LEARNING BY DESIGN PASSIVE SUMMING CIRCUIT - BIAS T NETWORK

( ) 2.5 2.5cos , 2 ; 1
O

v t t f f GHz     

B should have zero impedance for DC and block high frequencies

A should block DC and have very low impedance at 1GHz

9
1; 10 ; 2 10C L k       PROPOSE

JUST MAKE THE IMPEDANCES VERY DIFFERENT

 9
( ) 2.5 2.50025cos 2 10

O
v t t 

AT DC THE CAPACITOR IS ALWAYS OPEN CIRCUIT

BUT AT 1GHz ONE WOULD NEED INFINITE INDUCTANCE.
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