
STEADY-STATE POWER ANALYSIS

LEARNING GOALS

Instantaneous Power

For the special case of steady state sinusoidal signals

Average Power

Power absorbed or supplied during one cycle

Maximum Average Power Transfer

When the circuit is in sinusoidal steady state

Effective or RMS Values

For the case of sinusoidal signals

Power Factor

A measure of the angle between current and voltage phasors

Complex Power

Measure of power using phasors

Power Factor Correction

How to improve power transfer to a load by “aligning” phasors

Single Phase Three-Wire Circuits

Typical distribution method for households and small loads
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INSTANTANEOUS POWER
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AVERAGE POWER

For sinusoidal (and other periodic signals)

we compute averages over one period
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EXAMPLE 2
Find the average

power absorbed

by impedance

)(1553.3
4522

6010

22

6010
A

j
I 











 15,60,53.3,10 ivMM IV 

 
1

35.3cos(45 ) 12.5
2

P W  






Tt

t

dttp
T

P
0

0

)(
1





RV

)(1506.76010
22

2
V

j
VR 




1
7.06 3.53 12.5

2
P W  

Since inductor does not absorb power

one can use voltages and currents across

the resistive part
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EXAMPLE 3
Determine the average power absorbed by each resistor, 

the total average power absorbed and the  average power

supplied by the source
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
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EXAMPLE 4
Find average power absorbed by each resistor
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EXAMPLE 5 Find the AVERAGE power absorbed by each PASSIVE 

component  and the total power supplied by the source
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PASSIVE SIGN CONVENTION

7

• At this point an obvious question arises: how do we know whether

the source is supplying power to the remainder of the network or

absorbing it?

• If we employ the passive sign convention adopted in the earlier—

that is, if the current reference direction enters the positive terminal

of the source and the answer is positive—the source is absorbing

power. If the answer is negative, the source is supplying power to

the remainder of the circuit.



EXAMPLE 6 Determine average power absorbed or supplied by each 

element
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EXAMPLE 7
Determine average power absorbed/supplied by each

element
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EXAMPLE 8 Determine average power absorbed/supplied by each

element
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MAXIMUM AVERAGE POWER TRANSFER
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We are asked for the value of the

power. We need the Thevenin voltage

EXAMPLE 1

load the to suppliedpower  average maximum the Compute

 transfer.power  average maximumfor   Find LZ

Remove the load and determine the Thevenin equivalent of remaining circuit
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
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
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EXAMPLE 2

load the to suppliedpower  average maximum the Compute

 transfer.power  average maximumfor   Find LZ













TH
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V
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Circuit with dependent sources!
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V
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1
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1
'

2
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x




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1

11
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







KVL

 5.1611013411042 1 jjIVOC

Next: the short circuit current ... 13



EXAMPLE 2 (continued)...

Original circuit

02)(204

04)(24"





SCSC

SCx

IjII

IIIjV

CURRENT CIRCUIT

 SHORT FOR EQUATIONS LOOP

)(2"
IIV SCx 

 VARIABLEGCONTROLLIN

4)22(2

44)44(





SC
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IjI

IIj

Substitute and rearrange

2)11(  SCIjI

  442)1()1(4  SCSC IIjj

 57.1165)(21 AjISC

 57.1611013411042 1 jjIVOC

10 161.57
2 45 1 1

5 116.57
THZ j

 
       

  
 11 jZ
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










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L

R

V
P

4
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opt
L ZZ 
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4

)10(

2

1 2
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WPL 
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EXAMPLE 3

load the to suppliedpower  average maximum the Compute

 transfer.power  average maximumfor   Find LZ





OCV

I








4573.12)1(9
8

)22(36

)22(036

j
j

I

Ij

186

)1(9212

2012

j

jj

IjVOC







)(57.71974.18 VVOC 





22

4
2)2||2(2

j

j
jjjZTH

)(1
8

88

22

4






 j

j

j
ZTH

)(1  jZ
opt
L

)(45
4

360

2

1max
WPL 













TH

OC
L

R

V
P

4

||

2

1 2
max*

TH
opt
L ZZ 

360186|| 222 OCV
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EXAMPLE 4

load the to suppliedpower  average maximum the Compute

 transfer.power  average maximumfor   Find LZ













TH

OC
L

R

V
P

4

||

2

1 2
max*

TH
opt
L ZZ 





OCV

2jV




 024
222

2
2

jj

j
V j 9024

KVL

)(24129024012 VjVOC 

7202412|| 222 OCV

THZ

222

)22(2
)22(||2
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


)(22  jZTH

)(22  jZ
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L

)(45
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720

2

1max
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

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EFFECTIVE OR RMS VALUES

)(ti

R

Rtitp )()( 2

power ousInstantane














 

 Tt

t

Tt

t

av dtti
T

Rdttp
T

P

T

0

0

0

0

)(
1

)(
1 2

 period with periodic iscurrent  If

2

)(

dcdc

dc

RIP

Iti



  then )( DC iscurrent  If dcaveff PPI :






Tt

t

eff dtti
T

I
0

0

)(
1 22 





Tt

t

eff dtti
T

I
0

0

)(
1 2

The effective value is the equivalent DC

value that supplies the same average power

Definition is valid for ANY periodic

signal with period T

2

)cos()(

M
eff

M

X
X

tXtx





is  valueeffective the

signal sinusoidal aFor 



If the current is sinusoidal the average

power is known to be RIP Mav
2

2

1


22

2

1
Meff II 

)cos(
2

1
ivMMav IVP   case sinusoidalFor 

)cos( iveffeffav IVP  

square) mean(root  rmseffective 

17



EFFECTIVE OR RMS VALUES



EXAMPLE 1 Compute the rms value of the voltage waveform

One period

















32)2(4

210

104

)(

tt

t

tt

tv

3T

 
3

2

2
1

0

2

0

2 ))2(4()4()( dttdttdttv
T

The two integrals have the 

same value

3

32

3

16
2)(

1

0

3
3

0

2 





 tdttv

)(89.1
3

32

3

1
VVrms 






Tt

t

rms dttx
T

X
0

0

)(
1 2

19



)(ti

R

EXAMPLE 2 Compute the rms value of the voltage waveform and use it to

determine the average power supplied to the resistor

 2R

)(4 sT 

40;16)(2  tti






Tt

t

rms dttx
T

X
0

0

)(
1 2

)(4 AIrms 
20



EXAMPLE 3 Compute rms value of the voltage waveform

tv 2

4T






Tt

t

rms dttx
T

X
0

0

)(
1 2

dttVrms 
2

0

2)2(
4

1
)(

3

8

3

1
2

0

3
Vt 







21



)(ti

R

EXAMPLE 4

 4R

Compute the rms value for the current waveforms and use

them to determine average power supplied to the resistor

6T






Tt

t

rms dttx
T

X
0

0

)(
1 2

RIP rmsav
2









  

4

2

6

4

2

0

2 4164
6

1
dtdtdtIrms 8

6

8328



)(3248 WP 

8T

81616
8

1
6

4

2

0

2 







  dtdtIrms )(32 WP 

22



THE POWER FACTOR

LZiMI 







vMV 

i
v

V

I

izv

IZVZIV

 



z

)cos()cos(
2

1
ivrmsrmsivMM IVIVP   rmsrmsIVP apparent

ziv
P

P
pf  cos)cos( 

apparent

inductive pure

inductiveor  lagging

resistive

capacitiveor  leading

capacitive pure











90

900

0

10

01

09010

900

z

z

z

pf

pf

pf







V

e)(capacitiv

leadscurrent 

 090 z

)(inductive

lagscurrent 

 900 z

pfIVP rmsrms 

23



EXAMPLE 1 Find the power supplied by the power company.

Determine how it changes if the power factor is changed to 0.9

Power company

pfIVP rmsrms 

rmsA
W

Irms )(3.259
707.0480

)(1088 3







rmsV )(480

rmsA)(453.259 

 45707.0cos zz 

Current lags the voltage

480453.25908.0

08.0



 LrmsS VIV
rms

)(7.14957.147.494

480)4.1834.183(08.0

Vj

jV
rmsS





)(378.93)(000,88

378.508.03.259 32

kWWPP

kWRIP

lossesS

rmslosses





If pf=0.9

If pf=0.9

 8.257.203rmsI

 82.049448009.747.14 jVS

kWRIP

rmsAI

rmslosses

rms

32.3

)(7.203
9.0480

000,88

2 






Losses can be reduced by 2kW!

Examine also the generated voltage 24



EXAMPLE 2





1.0

707.0,)(480,100

line

LL

R

pfrmsVVkWP

Determine the power savings if the power factor can be increased to 0.94

pfIVP rmsrms 

22

2
2 1

pfV

RP
RIP

pfV

P
I

rms

line
linermslosses

rms

rms






kW

WpfPlosses

34.42

)(
707.0

1

480

1.010
)707.0(

22

10








kW

WpfPlosses

34.413.1

)(
94.0

1

480

1.010
)94.0(

22

10








kWkWPsaved 77.334.487.0 

25



COMPLEX POWER
*
rmsrms IVS 

PowerComplex  of Definition

 

ivrmsrms

irmsvrms

IVS

IVS








*

)sin()cos( ivrmsrmsivrmsrms IVjIVS  

The units of apparent 

and reactive power are 

Volt-Ampere

2* ||)( rmsrmsrmsrmsrms IZIZISZIV 

Another useful form










2

2

||

||

rms

rms

IXQ

IRP
jXRZ

P

Active Power

Q

Reactive Power

inductive

capacitive

| |

| |

rms ms
S V I

P S pf



 

26



ANALYSIS OF BASIC COMPONENTS

RESISTORS

 0Q 

INDUCTORS

CAPACITORS

Supplies reactive power!!

27



WARNING  0IF X 
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EXAMPLE 1

HzfjZrmsVlaggingpfkWP LLL 60,3.009.0,0220,8.0,20 

:Given

Determine the voltage and power factor at the input to the line

}Re{SP  pfSS iv  ||)cos(|| 

inductive

kVAQPSQ L 15222   87.3625)(1520 kVAjSL

*
LLL IVS 

)(86.3664.113
0220

87.36000,25
**

A
V

S
I

L

L
L 




















)(220)18.6891.90)(3.009.0(

0220)3.009.0(

VjjV

IjV

S

LS





)(18.6891.90
220

000,15000,20
*

Aj
j

IL 




 


 86.453.24914.2163.248 jVS

86.4

 86.36

SV

LI

746.0)72.41cos( sourcepf

lagging

inductive

capacitive

29



EXAMPLE 2
Compute the average power flow between networks

Determine which is the source

1

012030120

jZ

VV
I BA 






rmsVVA )(30120  rmsVVB )(0120 

1j

rmsAj
j

j
I )(08.1660

120)6092.103(





rmsAI )(1512.62 

rmsBB VAIVS  15454,71512.620120)( *

)(200,7)165cos(454,7 WPA 

)(200,7)15cos(454,7 WPB 

A supplies 7.2kW average power to B

rmsAA VAIVS  165454,719512.6230120)( * Passive sign convention.

Power received by A

30



EXAMPLE 3

laggingpf

kW

84.0

40



1.0 25.0j

Determine  real and reactive power losses and

real and reactive power supplied

inductive

capacitive

}Re{SP  pfSS iv  ||)cos(|| 

kVA
pf

P
SL 62.47

84.

40
|| 

rms

L

L
L A

V

S
IVIS )(45.216

||

||
||* 

 86.32)cos( ivivpf 

)(839,25|||| 22
VAPSQ LL 

rmsL AI )(86.3245.216 

2* ||)( LlineLLline IZIIZS losses

VAj 713,11685,4 

Balance of power

kVAjjj

SSS

552.37685.44839.2540713.11685.4 

 loadlossessupplied

2)45.216)(25.01.0( jS losses

31



laggingpf

kW

85.0

60



12.0 18.0j

EXAMPLE 4 Determine  line voltage and power factor at the supply end

pfIVS LLiv  ||||)cos(|| 

rms

L

L A
pfV

P
I )(86.320

||
|| 




}Re{SP 

*
LLL IVS 

  )(cos 1
pfiv   79.31iv 

rmsL AI )(79.3186.320  rmsAj )(03.16972.272 

LLS VIZV  line 220)03.16972.272)(18.012.0(  jj

rmsS VjV )(81.2815.283  rmsV )(81.561.284 

792.0)6.37cos( sourcepf

lagging

81.5

 79.31

SV

LI
LVThe phasor diagram helps in visualizing

the relationship between voltage and current

32



Low power factors increase 

losses and are penalized by 

energy companies

Typical industrial loads

are inductive

Simple approach to power factor correction

)cos(

||

oldold

oldoldoldoldold

:capacitorWithout 









pf

SjQPS

)cos(

||

newnew

newnew

capacitoroldold

capacitoroldnew

capacitor With













pf

S

jQjQP

SS S CV

IVQ

L

L

2||

||||



 capacitorcapacitor

capacitorI
Cj

VL


1


old

capacitorold
new

P

QQ 
tan




2tan1

1
cos




POWER FACTOR CORRECTION
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EXAMPLE 1 Economic Impact of Power Factor Correction

Operating Conditions

Current Monthly Utility Bill

Correcting to pf=0.9

New demand charge

Additional energy charge due to capacitor bank is negligible

Monthly savings are approx $1853 per month! A reasonable capacitor bank should pay

Itself in about a year 34



EXAMPLE 2

laggingpf

VkW rmsL

8.0

0220,50




Roto-molding 

process

lagging 0.95 to

factorpower  the increase to requiredcapacitor  the Determine

.60Hzf 

}Re{SP  pfSS iv  ||)cos(|| 

kVA
pf

P
Sold 5.62

80.

50
||  ).(5.37|||| 22

kVAPSQ oldold 

329.0
1

tan95.0cos
2





new

new
newnew

pf

pf
 kVAPQ

P

Q
new

new 43.16329.0 

kVAQQQ newoldcapacitor 07.2143.165.37 

CV

IVQ

L

L

2||

||||



 capacitorcapacitor

FF
V

Q
C

L

capacitor



1156)(001156.0

)602()220(

1007.21

|| 2

3

2






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EXAMPLE 3

HzfR

pfrmsVVkWP

line

LL

60,1.0

707.0,)(480,100





Determine the capacitor necessary to increase the 

power factor  to 0.94

}Re{SP  pfSS iv  ||)cos(|| 

kVA
pf

P
Sold 44.141

707.

100
||  ).(02.100|||| 22

kVAPSQ oldold 

363.0
1

tan94.0cos
2





new

new
newnew

pf

pf
 kVAPQ

P

Q
new

new 3.36363.0 

kVAQQQ newoldcapacitor 72.633.3602.100 

CV

IVQ

L

L

2||

||||



 capacitorcapacitor

FF
V

Q
C

L

capacitor



733)(000733.0

)602()480(

1072.63

|| 2

3

2






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HOMEWORK PROBLEMS
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HOMEWORK PROBLEMS
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HOMEWORK PROBLEMS
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