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Pierre Simon de Laplace (1749-1827)

Pierre Simon Laplace was born in
Normandy on March 23, 1749, and
died at Paris on March 5, 1827

French scientist, mathematician and
astronomer; established
mathematically the stability of the Solar
system and its origin - without a divine
intervention

Professor of mathematics in the Ecole
militaire of Paris at the age of 19.
Main publications:

= Mecanique céleste (1771, 1787)

= Théorie analytique des probabilites
1812 — first edition dedicated to
Napoleon



History of the Transform

O Euler began looking at integrals as solutions to differential equations
in the mid 1700’s:

z= ‘/"/‘((r)e“I dr z(x; a) =of e X(1) dt,

O Lagrange took this a step further while working on probability density
functions and looked at forms of the following equation:

/X(r:)e_“ar dx,

O Finally, in 1785, Laplace began using a transformation to solve
equations of finite differences which eventually lead to the current
transform

S = Ay, + BAy, + C A%, + ..., Vs = fe“” ¢(x) dx,



Review of Laplace Transform
Time domain Frequency domain

Problem 1{ }

1@ > F(s)
difficult easy
operations operations
\4 1 M
v
oty AU G
Solution
Laplace Transform V4 {f(l‘)} =F(s)= If(t)e_“dt, S=0+ jw
O 1 O, +jo
Inverse Laplace Transform /' {F(S)} =f(t)=—— F(S)@StdS
2]

O,—J%



Review of Laplace Transform

Time domain

Hard Problem

V'+y=te'
y(0)=y'(0)=0

Frequency domain

difficult to
solve

\4
Solution in y?

y(t)=—1cost+ite”’

1 —t
t5e

1

Y(52+1): (S+1)2

algebraic
operations

\4

v — |
(s> +1)(s+1)




Laplace Transform: Example




Laplace Transform: Example

f(t)=coswt
001 [ —Jj —-s _Ool —(s—jo 001 —(s+jo
J{Coswt}zja(e’ "+e/ t)e ‘dt —jze( / )’dt+6“§e( N dt

0 0
1 1 1 1 1 (s+jw) 1(s— jo)
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f(t)=sinwt
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pinon) = (e e e [ Lo rar- L
1 11 1 1 s+jo) 1 (5—jo)
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Table of Laplace Transform

[ F(s) S(t)
8(f) 1 !
1
u(r) =
§ unit impulse ¢
1
—dat
z e ”(t)
f & 1
3 >
o n! unit step ¢
sn+l
| 20
te—m
(S + 0)2 14
n!
n_—at >
b 1 {

(s + a)"! unit ramp



Table of Laplace Transform

f(t) F(s)
sin wf =
w
e
; Ry
COSw
s>+ @
_ s sinf + w cosf
sin(wt + 0) = =
5T+ w”
5 Ccosf — w sinf
cos(wt + 6) . =
B
sy 0]
e “'sin wt ———
(s +a)y + o
B s+ a
e Ycos wt

(s + a)’ + &’



Properties of Laplace Transform
1. Superposition

Lia- fi()+ B f,(O) =a-F(s)+ - Fy(s)
2. Time delay
J{f(t—/l)-u(t—/l)}=e‘ZS'F(S)
3. Time scaling

2{f(at)) :é-F(i)

a
4. Shift in Frequency

Ll f(t)-u@®)}=F(s +a)
5. Differentiation in Time
Lif'O)=5-F(s)-f(07)
L{f"O)})=5"-F(s)—=s-f£(07)—f(0)
L{f (D) =s"-F(s)=s"" f(0)=...=s- f"7(0) = f"(07)



Properties of Laplace Transform
6. Integration in Time

Y { jo f(t)dt} _ L pgs)

S
7. Differentiation in Frequency

dF(s)

.Z{t-f(t)}z— ry

8. Convolution
E(s)-Fy(s) =£{ fi(t) * f,(0)}
F(s)*Fy(s)=27j-£L{f,(t)- £,(1)}

[©O* £, = [ £(A)- [, A)dA




Properties of Laplace Transform

= Superposition

f@)=2e" +t
2{2e" +1} =24} +.£{1)
5 1 +1
s+1 s°
_2S2+S+1
- S2(S+1)

= Superposition

f(¢t)=2sin 3¢+ cos 3¢
£ {2sin 3t +cos3t} = 2£ {sin 3t} +.£ {cos 3t}

5 3 N S
sT+3% sT+37

_ s+6

s*+3°

f@)=F+2 —4t+1 =L{f(1)}=...

Sl F(s)
o(1) 1
1
u(r) —
K
1
e—(l!
s ta
|
! )
52
n!
n
! Sn+|
te—al 1
(s + a)2
tne—at n!
(s + a)"J'l
. y w
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s2 + w2
. s
COS®
s2 + w2
. ssinf + w cosB
sin(wt + 6) 5 S
5T+ w”
s cosf — wsinf
cos(wt + 6) 5 S
5T+ w”
—at . D)
e “sinwt D ——
(s +a)y + w
s +a
e “cos wt

(s + a)2 + @




Properties of Laplace Transform

= Shift in Frequency J{e_atf(t) u(t)} =F(s+a)

f(=e't

3! 6
‘d{t3} = 3 = A
1{6‘73} __ 6 -
s+ 1)
» Differentiation in Frequency J{f-f(t)} _ _dF(S)
f(t)=tcos3t ds
L3cos3t; =
{ } S2 +32
d S
Litcos3tt =—
{ } ds (Sz + 32j
st —3?
- (S2 +32)2

[0 F(s)
o(1) 1
. |
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K
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s ta
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n!
t" e
te—al l
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(s + a)
tlle—[lf "!
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in wf w
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52 + w2
; s
COS®
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. . ssinf + w cosB
sin(wt + 0) S 5
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e “sin wt TP S
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(s + a)2 + @




Laplace Transform

Example 1:
Obtain the Laplace Transform of f(¢) =S5()+2-u(t)—-3e*, t>0.

F(s)=£{0()}+£{2-u()}-£{3e™|

=2{5(0} +2-L{u(t)} -3-£L{e™|

:1+2~l—3- 1
S s+2
s’ +s5+4

F(s)=

s(s+2)




Laplace Transform

Example 2:
Find the Laplace Transform of the function shown below.

g(?)

gt)y=4-u(t-2)—4-u(t-3)
G(s)=£{g(1)]

-2 -3s
e e
:40 —40

S \)

G(S) — %(625 _e—35)




Inverse Laplace Transform

1 O, +joo

£ F(s)) = f(t):gj j F(s)e"ds

O-c_joo
W Instead of using the formula above to calculate the Inverse

Laplace Transform, we try to match entries in the Laplace
Transform table.

M The easiest way to find f(t) from its Laplace Transform F(s), if
F(s) is rational, is to expand F(s) as a sum of simpler terms
that can be found in the tables.

The steps to find the Inverse Laplace Transform:

1. Decompose F(s) into simple terms using “Partial-Fraction
Expansion Method"”.

2. Find the inverse of each term by using the table of Laplace
Transform.



Inverse Laplace Transform

Example 3:

. _(s+2)(s+4)
Find y(t) for Y(s)= S(S+1)(S+3).
Y(s):cl+ G 4 5

s s+1 s+3

s+ +3) e, s(s+3)+cy-s(s+1)
- s(s+1D)(s+3)

Y(S)_(cl+c:2+c3)S2+(4cl+3c2+c3)s+3c1 15 46548
s(s +1)(s +3) ~ s(s+1)(s+3)

e Algebraic Method



Inverse Laplace Transform

Comparing the G 16 TG =1 ] 3 1
coefficients 4e,+3c,+c,=6) ¢, ==, C,=——=, C; =——
2 6

3¢, =38

=41 3L )L
3\s) 2\s+1) 6\s+3
(1) =L {Y(s)]
:§[1 {l}_i[l {L }_1[1 {L}
3 s] 2 s+1)] 6 s+3

s 3 _, 1 4
)’(02(5—5@ —ge j”(f)

e Is there an easiest and faster
method? "Cover-Up Method”



Inverse Laplace Transform

Example 3 (Cover-up method):

Find y(t) for Y(S)Z (S+2)(S+4) . Y(S)= G 4+ G, 4+ Cs
S(S+1)(S+3) S s+1 s+3
¢, =sY(s)| _ = e [
= (s+D(s+3) |, 3
. _(s+2)(s+d| 3
C, = (S+1)Y(S)|S:_1 - S(S+3) - B 2
) s+ 1
C; = (S+3)Y(S)|S:_3 _ S(S-I-l) s a 6

O GEEREER (R RE W



Inverse Laplace Transform
Different Examples

[1{ S+2 }_
Y

[1{ s+6 }_
T

....=COS 2t +3sin 2t

. =4-u(t)+ 5™

f) F(s)
(1) 1
1
u(r) —
K
1
e—al
s ta
|
! )
52
n!
n
{ n+1
te—al ]
(s + a)2
tne—at n!
(S + a)ll+l
in wf w
sin @
s2 + w2
. s
COS®
52 + w2
. ssinf + w cos@
sin(fwt + ) 3 3
5T+ w”
s cosf — wsinf
cos(wt + 0) 3 >
5T+ w”
—at - @
e “sinwt SR S
(s +a)r + w
s +a
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Inverse Laplace Transform

EXAMPLE 4: Repeated Poles (Repeated Denominator Roots)

2
sl ISS+412 _ A N B . C
(s+2)(s—3) s+2 (s—-3) s-3

2_ 155441 2 1 41 e Cover-Up Method +
4= 2500 3 c=4 [S Sl ] Differentiation
(s—3) §=—2 ds (s+2) s=3
) [(@2s=15)(s+2)-(I)(s* —15s+41) |
p_ S -15s+41l _[ T2 =2
(s+2) | $=3

[1{ 3 : _2} =3¢ +te” —2e




Inverse Laplace Transform

EXAMPLE 5: Complex Poles (Complex Denominator Roots)

[1 4S2_5S+6 . [1{ A +BS+C}
(s +1)(s* +4) s+1  s7+4
A_4S2—5S+6
- (S2+4)

e Cover-Up Method +
=3 Algebraic Method

4s* —55+6 _3 (s* +4) +(BS+C)(S+1)
(s+D(s>+4) ~(s+D(s>+4)  (s+D(s>+4)

_B+B)s*+(B+C)s+(12+0) —~B-1.C=-6
- (s +1)(s% +4)

Ve 45> —55+6 _[1{ 3 N S—6} _[1{ 3 LS 3 2 }
(s +1)(s> +4) s+1 s +2° s+1 s°+2° 7 +2°

=3¢”' +cos 2t —3sin 2t




Inverse Laplace Transform

EXAMPLE 6: Complex Poles (Complex Denominator Roots)
compute .Z~1{Y (s)}, where

S
Yo = e+
Y(s) = —2% 4+ 21 (eed bs+  so that deg(num) = deg(den) — 1)
= nee S C SO a eginuim ) = ade en) —
s+ 1 s2 41 € g

1

= (s+1)Y — =

a=(s+1) (s)sz_1 5

Find b: multiply by s? + 1 to isolate bs + ¢
s a(s?+1)

s+ 1 - s+ 1

— now let s = j to “kill” the first term on the RHS:

. J
b+C= 32+1YS = —
jre= (V)| _ =1

(s> +1)Y(s) = +bs+c

Match Re(-) and Im(-) parts:
: (1 — i 1
cibj= I — -3 _ 1.

1+j (1+j)1-j) 2 cTe

DO |,



Inverse Laplace Transform

EXAMPLE 6 (cont'd): Complex Poles (Complex Denominator Roots)

We found that

Y(s) = L + i + !
T 2s+ 1) 2(s241)  2(s2+1)

Now we can use linearity and tables:

—_ -1 — 1 > 1
yt) =< { 25+1) T2 HD) T2 1)}

1 1 1 S 1 1
— __g—l _3—1 _g—l
2 {s+l}+2 {s2+1}+2 s2+1

1e—t+ 1cost+ ! sint (£ tables)
= —— — — si rom tables
2 2 2

1

1
——e '+ ——cos(t —m/4) (cos(a—b) = cosacosb+ sinasinb)

2 V2



Solving ODEs Using Laplace Transform
EXAMPLE 7:

5y"+4y=2,y(0)=1

2 }1

S[SY(S) — y(O)] +4Y(s) =

Y(S)[SS+4]:5—|—z
S

S5s+2 A B
)= —+

- s(5s+4) B S (5S+4),

Y(s) = 0.5 N 2.5
s (5s+4)

y(#)=0.5-u(t)+0.5¢"*

= Input
(determine forced response)

= Initial condition
(determine natural response)

55 +2
(5s+4)
B 55 +2

s=0

=25

s=—0.8



Solving ODEs Using Laplace Transform
EXAMPLE 8: /_\/v Input

(determine forced response)

y' =3y +2y=2e",9(0)=0,'(0)=7

L { }l ] %32:1!2:':1?22 il!:lg)tltlral response)
I:SZY(S) —s5y(0)— y’(O)] -3 [SY(S) - y(O): +2Y(s) = s 3 )
2 . 2
|:S Y(S)—7:|—3[SY(S)_ +2Y(s) = o3
) 2
Y(S)[S —3s+2} =T+ 5_3)
75s—19 6 5 1

Y(s)

— + +
s—1 s-2 s5-3

T (5—1)(s-2)(s-3)

() = —6€" +5e + e




More Exercises in Solving ODEs

V' +2y =10¢", y(0) =6 o
= y(t)=4e " +2e

yrr_3y'—|—2y :41‘—6,);(0) :1,)/'(0) :3
= y(t)=2t+¢'

y'+4y=3,y(0)=1,y'(0)=1 3 ] 1
= y(t) = Zu(t)+zcos 2t+zs1n2t



Initial and Final Value Theorem

m An especially useful property of the Laplace Transform in
control is Initial and Final Value Theorem.

W Initial Value Theorem (IVT) is useful to easily calculate the
initial value of a time function f(t), given its Laplace
Transform F(s).

¥ Final Value Theorem (FVT) allows us to compute the constant
steady-state value of a time function f(t) from its Laplace
Transform F(s).

lim y(¢) =lims - Y (s) « Initial Value Theorem (IVT)
t—0" §—>00

lim y(¢) = liIIOIS Y () = Final Value Theorem (FVT)
[—>0 S—>

B The condition to use FVT: all poles of Y(s) are in the left hand
of the s-plane, except for one at s=0.

Final Value Theorem is only applicable to stable system,
i.e. a system with convergent step response



Initial and Final Value Theorem

Example 9:
Find the final value of the system corresponding to

Y(s) = 3(s+2)
s(s” +2s+10)

y(0) =lm y(¢) = lin(} s-Y(S)

s=0 g(s"+2s+10) 10




Initial and Final Value Theorem

Example 10:
Find the final value of the system corresponding to

3
Y(s)= s(s—2)

y(o0) = lim y() = lim s ¥()<lims-—>— = 3 I
. 0 20 s(s=2) -2 \NRONG
3 _-32 32

S(S—2)_ S s—2

Y(s)=

y()=L" {Y(S)} =-3/2-1(t)+3/2-e* -u(t)

One pole (s=2) is in the right half of the s-plane
- Not convergent
- FVT not applicable



Initial and Final Value Theorem

Example 11:
Find the final value of

2
Y(s)=
) s*+4
y(0) =lim y(¢) = lim s-Y(s) = lims - —
[—®© s—0 s—0 §°+4

2 .
Y(s)=— = y(t) =sin 2t
s +4

A pair of poles on the imaginary axis (s = 1j2)
- Sinusoidal signal / periodic signal
- Not convergent

- FVT not applicable



Partial-Fraction Expansion with MATLAB

B(s) num  bys" + bis"' + - + b, num=[b, b, ... b,]

A(s)  den s"+as" M+ -+ oa den=[1 a, .. a]

n

[r,p,k] = residue(num,den)

finds the residues (r), poles (p), and direct terms (k) of a partial-fraction expansion of
the ratio of two polynomials B(s) and A(s).

B(s)  r(1) r(2) r(n)
As) s—p() s=p@) TS = pn)

+ k(s)

Note thatif p(j) =p(j + 1) =---=p(j + m — 1)[thatis.p,- =Py == p,.+,,,_l],thc
pole p(j) is a pole of multiplicity m. In such a case, the expansion includes terms of the form

r(j) N r(j+ 1) . r(j+m-—1)
s=p()  [s- p()P [s = p()]"




Partial-Fraction Expansion with MATLAB
Example 12: Different Roots

num=[2 5 3 6]

B(s) 2 +5s2+35+6 den=[1 6 11 6]
A(s) - S+ 652+ 11s + 6 [r,p,k] = residue(num,den)
r =
-6.0000
B(s) 25 +5s°+3s+6 -4.0000
= 3 > _ 3.0000
A(s) s +6s"+11ls+ 6 o
-3.0000
—6 —4 3 -2.0000
s+3 s+2 s+1 -1.0000
k =



Partial-Fraction Expansion with MATLAB

Example 13: Repeated Roots

B(s) s*+2s+3  s°+2s+3
A(s) (s +1)° s+ 357+ 35 + 1
B(s) 1 0 2

AG5) s+1 . +12  (r1)p

num=|[1 2 3];

den=[1 3 3 1];

[r,p,k] = residue(num,den)
r =

1.0000
0.0000
2.0000

p —
-1.0000

-1.0000
-1.0000

(]




Partial-Fraction Expansion with MATLAB

Example 14: Complex Roots

3
F(s)=
(5) s(s* + 25+ 5)
3/5 3 [/ 24]1 2 —jl
§ 2{](5—|—1+;2 s+1—j2

)

num=[3];
>> denum=[1 2 5 0];
>> [r,p,k]=residue(num,denum)

r =

-0.3000 + 0.1500i
-0.3000 - 0.1500i
0.6000 + 0.0000i

p:

-1.0000 + 2.0000i
-1.0000 - 2.0000i
0.0000 + 0.0000i

[]



Laplace and Inverse Laplace with MATLAB

L = laplace(F) is the Laplace transform of the sym F with
default independent variable t. The default return is a function

of s.

>> syms t

>> L=laplace(2*exp(-t)+sin(2*t))
L=

2/(s+ 1)+ 2/(s™"2 + 4)



Laplace and Inverse Laplace with MATLAB

F = ilaplace(L) is the inverse Laplace transform of the sym L
with default independent variable s. The default return is a

function of t

>> Syms s >> SYyms s

f=ilaplace(3/(s*(s"2+2 *s+5))); >> f=ilaplace((s~2+2*s+3)/(s+1)"3);
pretty(f) >> pretty(f)
/ sin(2 t) \ 2
exp(-t) | cos(2 t) + -------- | 3 exp(-t) + t exp(-t)
3 \ 2 /



Exercise Problems

Find the Laplace transform of the following functions:

1. f(t) = 3cosbt
f(t) =sm2t +2cos2t + e “sin 2t
f(t)=t2 4+ e 2 sin3t

f(t) =3+ Tt +t2 4+ 68(t)

f(t) =simtsindt
F(t) = st 4 3cos?t
f(t) = (sint)/t

&



Exercise Problems

Find the inverse Laplace transform of the following functions:

1.

F{S) — S[S:i—ﬂj
F(s) = s[s—l—l}?s—l—lﬁj
F(s) = 52—?—1—:—?—20
52 8
F(S) — [Sé}{:i;rsliu}
. 1
F(s) = v
__ 2s%4s41
-F{S) — 553_51
. 2{52—|—5—|—1]
F(s) =
349544
F(s) = 5%



Exercise Problems

Solve the following diiferential equations using Laplace
transform:

y(t) + :a,'r(t) + Syff} =0:y(0) =1, y(0) =



